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Chapter 1

INTRODUCTION

1. Definitions and Basic Concepts
1.1  Ordinary Differential Equation (ODE)

An equation involving the derivatives of an unknown function y of a
single variable x over an interval x € ().

1.2 Solution

Any function y = f(z) which satisfies this equation over the interval
(I) is called a solution of the ODE.
For example, y = €2? is a solution of the ODE

/

y =2y
and y = sin(z?) is a solution of the ODE
zy” —y + 423y = 0.

1.3 Order n of the DE
An ODE is said to be order n, if y(™ is the highest order derivative

occurring in the equation. The simplest first order ODE is 3’ = g(x).
The most general form of an n-th order ODE is
F(x7 y7 y/7"' 7y(n)) = 0

with F' a function of n + 2 variables x, ug, u1,...,u,. The equations

xy//+y:x3, ,y/_'_,y2:07 y///+2y/+y:0
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are examples of ODE’s of second order, first order and third order re-
spectively with respectively

F(z,u0,u1,u2) = xus + up — 3,

9
F(x,uo,ul) =ux + u()?
F(z,up,u1, uz, u3) = ug + 2u1 + uo.

1.4  Linear Equation:

If the function F is linear in the variables ug, ui, ..., u, the ODE is
said to be linear. If, in addition, F' is homogeneous then the ODE is said
to be homogeneous. The first of the above examples above is linear are
linear, the second is non-linear and the third is linear and homogeneous.
The general n-th order linear ODE can be written

dny nfly dy B
an(:v)w + an_l(x)m e al(x)% + ap(x)y = b(x).
1.5 Homogeneous Linear Equation:

The linear DE is homogeneous, if and only if b(z) = 0. Linear homo-
geneous equations have the important property that linear combinations
of solutions are also solutions. In other words, if y1, 4o, ..., ym are solu-
tions and ¢y, co, ..., ¢, are constants then

iy +cys + -+ CmYm

is also a solution.

1.6  Partial Differential Equation (PDE)

An equation involving the partial derivatives of a function of more
than one variable is called PED. The concepts of linearity and homo-
geneity can be extended to PDE’s. The general second order linear PDE
in two variables z,y is

0%u 0%u 0%u ou
4 il el | -
a(z,y) 55 + (fv,y)axay +C($7y)ay2 +d(z,y) 5
ou
Y
Laplace’s equation
0%u . 0%u _0
ox®

is a linear, homogeneous PDE of order 2. The functions u = log(z?+y?),
u =2y, u = x> —y? are examples of solutions of Laplace’s equation. We
will not study PDE’s systematically in this course.
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1.7 General Solution of a Linear Differential
Equation

It represents the set of all solutions, i.e., the set of all functions which
satisfy the equation in the interval (I). For example, the general solu-
tion of the differential equation 3 = 322 is y = 2% + C where C is an
arbitrary constant. The constant C is the value of y at x = 0. This
initial condition completely determines the solution. More generally,
one easily shows that given a, b there is a unique solution y of the dif-
ferential equation with y(a) = b. Geometrically, this means that the
one-parameter family of curves y = 22 + C do not intersect one another
and they fill up the plane R2.

1.8 A System of ODE’s

vy =Gi(z,y1, 92, Un)
vy = Ga(z,y1, 92, -, Un)

Yn = Gnlx,y1,92, -, Yn)

An n-th order ODE of the form y™ = G(x,y,v/,...,y"" ") can be trans-
formed in the form of the system of first order DE’s. If we introduce
dependant variables y1 = y,y2 =/, ...,y, = ¥ ' we obtain the equiv-

alent system of first order equations

Y1 =y,
/
Yo = Y3,
. (1.1)
y;z = G(:Ea Y1, Y2, - -- ’yn)
For example, the ODE 3" = y is equivalent to the system
v =2, (1.2)

Yy = Y1

In this way the study of n-th order equations can be reduced to the
study of systems of first order equations. Some times, one called the
latter as the normal form of the n-th order ODE. Systems of equations
arise in the study of the motion of particles. For example, if P(z,y) is
the position of a particle of mass m at time ¢, moving in a plane under
the action of the force field (f(z,v),g(x,y), we have

d?x
m&Y = g(z,y). (13)
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This is a second order system.
The general first order ODE in normal form is

y' = F(z,y).

If F' and %—Z are continuous one can show that, given a,b, there is a

unique solution with y(a) = b. Describing this solution is not an easy
task and there are a variety of ways to do this. The dependence of the
solution on initial conditions is also an important question as the initial
values may be only known approximately.

The non-linear ODE yy’ = 4z is not in normal form but can be
brought to normal form

by dividing both sides by y.

2. The Approaches of Finding Solutions of ODE
2.1 Analytical Approaches

m Analytical solution methods: finding the exact form of solutions;
m Geometrical methods: finding the qualitative behavior of solutions;

» Asymptotic methods: finding the asymptotic form of the solution,
which gives good approximation of the exact solution.

2.2 Numerical Approaches

m Numerical algorithms — numerical methods;

= Symbolic manipulators — Maple, MATHEMATICA, MacSyma.

This course mainly discuss the analytical approaches and mainly on
analytical solution methods.



Chapter 2

FIRST ORDER DIFFERENTIAL EQUATIONS






PART (I): LINEAR EQUATIONS

In this lecture we will treat linear and separable first order ODE’s.

1. Linear Equation

The general first order ODE has the form F(z,y,y’) = 0 where y =
y(z). If it is linear it can be written in the form

ao(z)y’ + a1 (z)y = b(z)

where ag(z), a(r), b(z) are continuous functions of x on some interval
(I). To bring it to normal form y' = f(z,y) we have to divide both
sides of the equation by ag(z). This is possible only for those z where
ap(x) # 0. After possibly shrinking I we assume that ag(z) # 0 on (I).
So our equation has the form (standard form)

Y + p(x)y = q(x)

with p(z) = ai(x)/ap(z) and g(z) = b(x)/ap(z), both continuous on
(I). Solving for y" we get the normal form for a linear first order ODE,
namely

1.1 Linear homogeneous equation

Let us first consider the simple case: ¢(z) = 0, namely,
dy

— =0.
o TPy
With the chain law of derivative, one may write
/
d
) S (o) = —ple),
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integrating both sides, we derive

Iny(z) = —/p(x)dx +C,
or
= Cre [t

C

where C, as well as C; = e“, is arbitrary constant.

1.2 Linear inhomogeneous equation

We now consider the general case:
dy
&= +p(@)y = q(z).

We multiply the both sides of our differential equation with a factor
w(x) # 0. Then our equation is equivalent (has the same solutions) to
the equation

p(@)y' (@) + p(@)p(2)y(z) = pz)q(z).
We wish that with a properly chosen function u(z),

= @),

For this purpose, the function p(z) must has the property

1 (z) = p(x)p(zx), (2.1)

and u(x) # 0 for all z. By solving the linear homogeneous equation
(2.1), one obtain

p(@)y'(z) + p(a)p(x)y(z)

p(z) = e Pz, (2.2)

With this function, which is called an integrating factor, our equation is
reduced to

d

@[M(w)y(fb‘)} = u(z)q(x), (2.3)

Integrating both sides, we get

pl@)y = [ na)g(a)de +C

with C' an arbitrary constant. Solving for y, we get
1

' @)

[ n@a@de + s el Fna) (24
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as the general solution for the general linear first order ODE

Y +p(x)y = q(z).

In solution (2.4), the first part, yp(z), is a particular solution of the
inhomogeneous equation, while the second part, yg(x), is the general
solution of the associate homogeneous solution. Note that for any pair
of scalars a, b with a in (I), there is a unique scalar C such that y(a) = b.
Geometrically, this means that the solution curves y = ¢(z) are a family
of non-intersecting curves which fill the region I x R.

Example 1: ¢ + xy = x. This is a linear first order ODE in standard
form with p(x) = q(z) = x. The integrating factor is
,LL(ZL‘) _ efxd:c _ €x2/2'

Hence, after multiplying both sides of our differential equation, we get
d
dx
which, after integrating both sides, yields

(6x2/2y) — $6x2/2

er/Qy = /mew2/2dx 1O =21

Hence the general solution is y = 1+Ce~*"/2. The solution satisfying the
initial condition y(0) = 1 is y = 1 and the solution satisfying y(0) = a
isy=1+(a—1)e /2

Example 2: zy’ — 2y = 2 sinz,

(z > 0). We bring this linear first order equation to standard form by
dividing by . We get

2

/ —2 :
Y +—y=2x"sinx.
T

The integrating factor is
,u(:v) _ ef —2dz/z _ e—21nx — 1/1,2.

After multiplying our DE in standard form by 1/z? and simplifying, we
get

d

dx
from which y/2% = — cosz + C and y = —x2 cosz + Cz?. Note that the
later are solutions to the DE x1/ — 2y = 23 sin 2 and that they all satisfy
the initial condition y(0) = 0. This non-uniqueness is due to the fact
that x = 0 is a singular point of the DE.

(y/x?) = sinz






PART (II): SEPARABLE EQUATIONS —
NONLINEAR EQUATIONS (1)

2. Separable Equations.

The first order ODE ¢’ = f(x,y) is said to be separable if f(z,y) can
be expressed as a product of a function of x times a function of y. The
DE then has the form y’ = g(z)h(y) and, dividing both sides by h(y), it
becomes

Of course this is not valid for those solutions y = y(x) at the points
where ¢(x) = 0. Assuming the continuity of g and h, we can integrate
both sides of the equation to get

/h‘qf;((:;))]dx = /g(m)dx +C.

Assume that

1) = [ 75
By chain rule, we have
SHW@] = H 0 @) = 5o/ @),
hence
Hly(x)] = / h‘qu((z))}dx = /g(x)dx+ C.
Therefore,

/dy — H(y) = /g(m)d$+C’,

11
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gives the implicit form of the solution. It determines the value of y
implicitly in terms of .
Example 1: ¢/ = ‘”y—}g’
To solve it using the above method we multiply both sides of the
equation by y? to get
v’y = (x —5).

Integrating both sides we get y3/3 = 22/2 — 52 4+ C. Hence,

y= {3:(:2/2 — 15z + 01}1/3.

Example 2: ¢ = Z—J—ré (x > —3). By inspection, y = 1 is a solution.

Dividing both sides of the given DE by y — 1 we get

/

y_l
y—1 x+3

This will be possible for those x where y(z) # 1. Integrating both sides
we get

/
Y dx
de = | — +C
y—1 T 13 + O,
from which we get In |y — 1| = In(z + 3) + Cy. Thus |y — 1| = e“1(x + 3)
from which y — 1 = +e%1(z + 3). If we let C = e, we get

y=1+C(x+3)

which is a family of lines passing through (—3,1); for any (a,b) with
b # 0 there is only one member of this family which passes through
(a,b). Since y = 1 was found to be a solution by inspection the general
solution is

y=1+C(xz+3),
where C can be any scalar.
Y COS T

1+2y2 "
integrating both sides we get

1+ 2y?
/(—i_yy)dy—/cosxdx+C’,

Example 3: 3 = Transforming in the standard form then

from which we get a family of the solutions:

In|y| + y* = sinz + C,
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where C' is an arbitrary constant. However, this is not the general solu-
tion of the equation, as it does not contains, for instance, the solution:
y =0. With I.C.: y(0)=1, we get C' = 1, hence, the solution:

In|y| +y* =sinz + 1.

3. Logistic Equation

y = ay(b—y),
where a,b > 0 are fixed constants. This equation arises in the study
of the growth of certain populations. Since the right-hand side of the
equation is zero for y = 0 and y = b, the given DE hasy =0 and y = b
as solutions. More generally, if y' = f(t,y) and f(t,¢) = 0 for all ¢ in
some interval (I), the constant function y = ¢ on (I) is a solution of
y' = f(t,y) since ¥y = 0 for a constant function y.
To solve the logistic equation, we write it in the form

/

Yy
y(b—vy)
Integrating both sides with respect to t we get
'dt
/—2——:m+c
y(b—y)

which can, since 3'dt = dy, be written as

dy
]
/y®—y)

Since, by partial fractions,

4j;7_1@+4i4
ylb—y) by b—y

=a.

we obtain )
30yl —Infb—y|) = at + C.

Multiplying both sides by b and exponentiating both sides to the base
e, we get

|yl _ PCoabt _ o qabt
b=yl o
where the arbitrary constant C; = +e“ can be determined by the initial
condition (IC): y(0) = yo as

|0l
Ci = .
b — yol
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Two cases need to be discussed separately.

Case (I), yo < b: one has C1 = [ = ;

|y! ( Yo ) bt
= @ 0 t I)).
o \bog) 70 (te ()

From the above we derive y/(b —y) = C1e®!, and y = (b — y)Cre®".
This gives

%_ > (. So that,
m

bC' et b (%) e

y:1+01eabt_1+(bgﬁ)eabt'

It shows that if yo = 0, one has the solution y(t) = 0. However, if
0 < yo < b, one has the solution 0 < y(t) < b, and as t — oo, y(t) — b.

Case (II), yo > b: one has 01:|b§(;0|:—bf%0>0. So that,
y ‘_( yO )eabt
Yo (P >0, (te (D).
= (2 (t e (1)

From the above we derive y/(y — b) = (yio) e® and y = (y —

yo—b
b) (%) e, This gives

Yo abt
b (yo—b) ©

v (g) e —1

It shows that if yg > b, one has the solution y(t) > b, and as t — oo,
y(t) — b.
It is derived that

= y(t) =0 is an unstable equilibrium state of the system;

= y(t) = b is a stable equilibrium state of the system.

4. Fundamental Existence and Uniqueness
Theorem

If the function f(z,y) together with its partial derivative with respect
to y are continuous on the rectangle

R:lz—z0l <a, [y—yo| <b
there is a unique solution to the initial value problem

y/ = f(x,y), y(‘TO) = Yo
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defined on the interval |z — x| < h where

h = min(a, b/M), M:max\f(x,y)], (z,y) € R.

Note that this theorem indicates that a solution may not be defined
for all = in the interval |x — zg| < a. For example, the function

bC eabx

Y=1 + Ceabx

is solution to 3 = ay(b — y) but not defined when 1 4 Ce®* = 0 even
though f(z,y) = ay(b — y satisfies the conditions of the theorem for all
x,y.

The next example show why the condition on the partial derivative
in the above theorem is necessary.

Consider the differential equation 3/ = y'/3. Again y = 0 is a solution.
Separating variables and integrating, we get

dy
——=x+C;
|
which yields y?/3 = 22/3 + C and hence y = +(2z/3 + C)%/2. Taking
C = 0, we get the solution y = (2x/3)%2, (z > 0) which along with
the solution y = 0 satisfies y(0) = 0. So the initial value problem
y = y/3, y(0) = 0 does not have a unique solution. The reason this
is so is due to the fact that %ch(x’ y) = 1/3y*/3 is not continuous when
y=0.

Many differential equations become linear or separable after a change
of variable. We now give two examples of this.

5. Bernoulli Equation:

y' =pla)y+q@)y" (n#1).
Note that y = 0 is a solution. To solve this equation, we set u = y<,

where « is to be determined. Then, we have u’ = ay® 'y, hence, our
differential equation becomes
' for = p(x)u + q(z)y* " (2.5)
Now set a = 1 — n. Thus, (2.5) is reduced to
u'/a = p(z)u+ q(), (2.6)

which is linear. We know how to solve this for u from which we get solve
uw=1y""to get y.
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6. Homogeneous Equation:

y' =F(y/z).
To solve this we let u = y/x so that y = zu and y' = u+zu’. Substituting
for y,y" in our DE gives u 4+ zu’ = F(u) which is a separable equation.
Solving this for u gives y via y = zu. Note that u = a is a solution
of zu’ = F(u) — u whenever F(a) = a and that this gives y = ax as a
solution of y' = f(y/x).

Example. ' = (z — y)/x + y. This is a homogeneous equation since

T—y _ 1—y/x
r+y 1+y/z

Setting u = y/z, our DE becomes

, 1—u
U +u =
14w
so that
, l1—u 1—2u—u?
Tu = -y = —
14+u 14+u

Note that the right-hand side is zero if u = —1+V2. Separating variables
and integrating with respect to =, we get

% =In|z|+ C)
which in turn gives

(=1/2)In |1 — 2u — u?| = In|z| + Cy.
Exponentiating, we get

1

— .01
—— = ¢"z|.
1 —2u — u?| o

Squaring both sides and taking reciprocals, we get
u? +2u—1=C/x?

with C' = 41/e2%1. This equation can be solved for u using the quadratic
formula. If xg,yo are given with z¢p # 0 and ug = yo/x9 # —1 there is,
by the fundamental, existence and uniqueness theorem,a unique solution
with u(xzg) = yo. For example, if xg = 1,yp = 2, we have C' = 7 and
hence

u? +2u—1="7/2*
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u=—1+4/2+7/22

where the positive sign in the quadratic formula was chosen to make
u = 2,2 =1 a solution. Hence

y=—x+x\/2+7/2x?=—x+ V222 +7

is the solution to the initial value problem

Solving for u, we get

XY
= , 1) =2
V=1 y(1)
for x > 0 and one can easily check that it is a solution for all x. Moreover,
using the fundamental uniqueness, it can be shown that it is the only
solution defined for all x.






PART (III): EXACT EQUATION AND
INTEGRATING FACTOR — NONLINEAR
EQUATIONS (2)

7. Exact Equations.

By a region of the xy-plane we mean a connected open subset of the
plane. The differential equation
dy
M N 2 =0
(z,y) + N(z,y) -
is said to be exact on a region (R) if there is a function F'(x,y) defined
on (R) such that
or OF

5 = M(zy); afyzN(l‘,y)

In this case, if M, N are continuously differentiable on (R) we have

OM_ 0N (2.7)
Jy Oz
Conversely, it can be shown that condition (2.7) is also sufficient for the
exactness of the given DE on (R) providing that (R) is simply connected,
d.e., has no “holes”.

The exact equations are solvable. In fact, suppose y(z) is its solution.
Then one can write:

dy OF OFdy d

——Flz,y(z)] = 0.

It follows that
Flz,y(z)] = C,

19
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where C'is an arbitrary constant. This is an implicit form of the solution
y(z). Hence, the function F(z,y), if it is found, will give a family of the
solutions of the given DE. The curves F(x,y) = C are called integral
curves of the given DE.

Example 1. 2x2y% + 2292 +1 =0. Here M = 2xy?> +1, N = 222y
and R = R?, the whole zy-plane. The equation is exact on R? since R?
is simply connected and

oM 4 ON
T fpy = —
oy Y ox
To find F we have to solve the partial differential equations
OF 9 OF 9
_— = 2 1 —_— = 2 .

If we integrate the first equation with respect to x holding y fixed, we
get
F(z,y) = 2%y + x + ¢(y).

Differentiating this equation with respect to y gives

a 2 / 2
or = 222y + =2
3y oy + @' (y) = 227y

using the second equation. Hence ¢'(y) = 0 and ¢(y) is a constant
function. The solutions of our DE in implicit form is 2?y? + z = C.
Example 2. We have already solved the homogeneous DE

dy _z—y
dr  x+y

This equation can be written in the form

d
y—z+(x+y) 0

9 _
dx
which is an exact equation. In this case, the solution in implicit form is
rly—z)+ylx+y) =C,ie., y?> + 20y — 22 =C.

8. Theorem.
If F(x,y) is homogeneous of degree n then
oF | oF

= =nF(z,y).
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Proof. The function F' is homogeneous of degree n if F(tz,ty) =
t"F(z,y). Differentiating this with respect to ¢ and setting ¢ = 1 yields
the result. QED

9. Integrating Factors.

If the differential equation M + Ny’ = 0 is not exact it can sometimes
be made exact by multiplying it by a continuously differentiable function
wu(z,y). Such a function is called an integrating factor. An integrating
factor u satisfies the PDE %LTM = %‘TN which can be written in the form

A PV
oy ox Ox oy

This equation can be simplified in special cases, two of which we treat
next.

m 4 is a function of x only.  This happens if and only if

oM ON

= p(e)

is a function of z only in which case p' = p(x)p.

m 4 is a function of y only.  This happens if and only if

oM ON

Jy oz _
Sy
is a function of y only in which case y' = —q(y)pu.

» 4= P(z)Q(y) . This happens if and only if

aaj\j - %—];f = p(@)N — q(y) M, (2.8)

where

If the system really permits the functions p(x), ¢(y), such that (2.8)
hold, then we can derive

P(z) = el P@)de, Qly) = el 1wy,
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Example 1. 222 + y + (z%y — x)y’ = 0. Here

oM IN
Oy " ox _ 2—2xy -2

N T 22y—x  w
so that there is an integrating factor p which is a function of x only
which satisfies p/ = —2u/z. Hence u = 1/2? is an integrating factor and
2+y/2? + (y — 1/2)y’ = 0 is an exact equation whose general solution
is 20 —y/x +y?/2 = C or 222 —y + 2y?/2 = Cx.

Example 2. y + (22 — ye¥)y’ = 0. Here
oM _ ON
oy ox _ ;1
M Y
so that there is an integrating factor which is a function of y only which
satisfies ¢/ = 1/y. Hence y is an integrating factor and y? + (2zy —

y?e?)y’ = 0 is an exact equation with general solution xy? + (—y? + 2y —
2)e? =C.

A word of caution is in order here. The solutions of the exact DE
obtained by multiplying by the integrating factor may have solutions
which are not solutions of the original DE. This is due to the fact that p
may be zero and one will have to possibly exclude those solutions where
w vanishes. However, this is not the case for the above Example 2.



PART (IV): CHANGE OF VARIABLES —
NONLINEAR EQUATIONS (3)

10. Change of Variables.

Sometimes it is possible by means of a change of variable to transform
a DE into one of the known types. For example, homogeneous equations
can be transformed into separable equations and Bernoulli equations can
be transformed into linear equations. The same idea can be applied to
some other types of equations, as described as follows.

10.1 vy = f(ax +by), b#0
Here, if we make the substitution u = ax + by the differential equation
becomes

d
ﬁ = bf(u) +a
which is separable.

Example 1. The DE ¢ = 1 + /y — x becomes v’ = /u after the
change of variable u =y — .

10.2 dy _ T+ biy +c1
dr  azx + by + ¢
Here, we assume that ajx+b1y+c1 = 0, asx+bay+co = 0 are distinct
lines meeting in the point (zg,yp). The above DE can be written in the
form

dy _ ai(z—x0) + b1(y — yo)
dz  ax(z — x0) + b2(y — o)
which yields the DE

g X +hY
dX N agX + b2Y

23
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after the change of variables X = x — x¢, Y =y — 9.

10.3  Riccatti equation: y’ = p(x)y + q(x)y?® + r(x)
Suppose that v = u(z) is a solution of this DE and make the change
of variables y = v + 1/v. Then 3 = u' — v’ /v? and the DE becomes

u' — ' v = p(x)(u+ 1/v) + q(z)(u® + 2u/v + 1/v%) + r(z)

= p(a)u + q(@)u® +r(z) + (p(x) + 2uq(@)) /v + q(z) /0
from which we get v + (p(z) + 2ug(z))v = —q(zx), a linear equation.

Example 2. 3/ = 1+ 22 — y? has the solution y = = and the change
of variable y = x + 1/v transforms the equation into v’ 4+ 2zv = 1.



PART (V): SOME APPLICATIONS

We now give a few applications of differential equations.

11. Orthogonal Trajectories.

An important application of first order DE’s is to the computation
of the orthogonal trajectories of a family of curves f(z,y,C) = 0. An
orthogonal trajectory of this family is a curve that, at each point of
intersection with a member of the given family, intersects that member
orthogonally. To find the orthogonal trajectories, we may derive the
ODE, whose solutions are described by these trajectories. For this pur-
pose, we are going first to derive the ODE, whose solutions have the
implicit form, f(z,y,C) = 0. In doing so, we differentiate f(x,y,C) =0
implicitly with respect to x we get

of [ of ,_
ox + Oyy =0
from which we get
r . falw,y,C)
Yy = -
fy(xayvc)

Now we solve for C = C(z,y) from the equation f(x,y,C) = 0, which
specifies the curve passing through the point (z,y). We substitute
C(z,y) in the above formula for y'. This gives the equation:

felay Clay)]
fy [‘7:7 Y, C(Z‘, y)} .

Y =g(z,y) =

Note that y/(z) yields the slope of the tangent line at the point (x,y)
of a curve of the given family passing through (z,y). The slope of the

25



26 FUNDAMENTALS OF ORDINARY DIFFERENTIAL EQUATIONS

orthogonal trajectory at the passing point (z,y) must be

g1
yi(@) = gz, y)

Therefore, the ODE governing the orthogonal trajectories is derived as
, ful79,Clay)]
fe|2,y,C(x,)]

Example 3. Let us find the orthogonal trajectories of the family
22 +y? = Cuz, the family of circles with center on the z-axis and passing
through the origin. Here

x2—|—y2
T

from which, we derive the ODE: 3/ = g(z,y) = (y? — 22)/2xy. Then the
ODE governing the orthogonal trajectories can be written as

y = !
g(z,y)’

2z 4 2yy’ = C =

or,
y' = 2ay/(z* —y°).
The above can be re-written in the form:

2zy + (y* — 2y’ = 0.

If we let M = 2zy, N = y? — 22 we have

oM ON
L 2

M 2wy oy
so that we have an integrating factor p which is a function of y. We
have p/ = —2u/y from which g = 1/y2. Multiplying the DE for the
orthogonal trajectories by 1/y% we get

2z x2
Y Y

Solving %—5 = 2z/y, %—5 = 1—22/y? for F yields F(z,y) = 2?/y+y from
which the orthogonal trajectories are x2/y +y = C, i.e., 22 +y* = Cy.
This is the family of circles with center on the y-axis and passing through
the origin. Note that the line y = 0 is also an orthogonal trajectory that
was not found by the above procedure. This is due to the fact that the
integrating factor was 1/y? which is not defined if ¥ = 0 so we had to
work in a region which does not cut the z-axis, e.g., y > 0 or y < 0.
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12. Falling Bodies with Air Resistance

Let x be the height at time t of a body of mass m falling under the
influence of gravity. If g is the force of gravity and bv is the force on the
body due to air resistance, Newton’s Second Law of Motion gives the
DE

ma =mg — bv
dx

where v = 9%, This DE has the general solution

o(t) = % + Be~tt/m,

The limit of v(t) as t — oo is mg/b, the terminal velocity of the falling
body. Integrating once more, we get

mgt mBe—bt/m'

a(t) = A+ ;

13. Mixing Problems

Suppose that a tank is being filled with brine at the rate of a units of
volume per second and at the same time b units of volume per second
are pumped out. If the concentration of the brine coming in is ¢ units of
weight per unit of volume. If at time ¢ = ¢y the volume of brine in the
tank is Vj and contains x( units of weight of salt, what is the quantity
of salt in the tank at any time ¢, assuming that the tank is well mixed?

If z is the quantity of salt at any time ¢, we have ac units of weight
of salt coming in per second and

bx(t) B bx
V(t)  Vo+(a—Db)(t—to)
units of weight of salt going out. Hence

dj_aC* b$
dt Vo + (a—b)(t —to)’

a linear equation. If ¢ = b it has the solution

z(t) = Vo + (z9 — cVp)e 2 —t0)/Vo,

As a numerical example, suppose a = b = 1 liter/min, ¢ = 1 grams/liter,
Vo = 1000 liters, £y = 0 and tg = 0. Then

z(t) = 1000(1 — e—001)

is the quantity of salt in the tank at any time ¢. Suppose that after 100
minutes the tank springs a leak letting out an additional liter of brine
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per minute. To find out how much salt is in the tank 12 hours after the
leak begins we use the DE

dzx 2x 2

dat 1000 — (£ —100) 1100 —¢

This equation has the general solution
x(t) = (1100 — )1 + C(1100 — t)2.

Using 2(100) = 1000(1 — e~!) = 95.16, we find C = —9.048 x 10~*
and x(820) = 177.1. When ¢ = 1100 the tank is empty and the differ-
ential equation is no a valid description of the physical process. The
concentration at time 100 < ¢ < 1100 is

x(t)

which converges to 1 as t tends to 1100.

14. Heating and Cooling Problems

Newton’s Law of Cooling states that the rate of change of the tem-
perature of a cooling body is proportional to the difference between its
temperature T and the temperature of its surrounding medium. Assum-
ing the surroundings maintain a constant temperature Ty, we obtain the
differential equation

dr
dt

where k is a constant. This is a linear DE with solution

_k(T - Ts)a

T ="T,+ Ce ™.
If T(O) = TO then C' = TO — TS and
T =T, 4 (Ty — Ts)e ¥

As an example consider the problem of determining the time of death
of a healthy person who died in his home some time before noon when
his body was 70 degrees. If his body cooled another 5 degrees in 2 hours
when did he die, assuming that the room was a constant 60 degrees.
Taking noon as t = 0 we have Ty = 70. Since T = 60, we get 65 — 60 =
10e=?% from which & = In(2)/2. To determine the time of death we
use the equation 98.6 — 60 = 10e™* which gives t = —In(3.86)/k =
—21n(3.86)/In(2) = —3.90. Hence the time of death was 8 : 06 AM.
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15. Radioactive Decay

A radioactive substance decays at a rate proportional to the amount
of substance present. If x is the amount at time ¢ we have

dx

=k

a~ "
where k is a constant. The solution of the DE is x = z(0)e %, If ¢ is
the half-life of the substance we have by definition

z(0)/2 = z(0)e*e

which gives k = In(2)/c.






PART (VI)*: GEOMETRICAL
APPROACHES — NONLINEAR
EQUATIONS (4)

16. Definitions and Basic Concepts
16.1 Directional Field

A plot of short line segments drawn at various points in the (z,y)
plane showing the slope of the solution curve there is called direction
field for the DE.

16.2  Integral Curves

The family of curves in the (z,y) plane, that represent all solutions
of DE is called the integral curves.

16.3 Autonomous Systems
The first order DE
dy/dx = f(y)

is called autonomous, since the independent variable does not appear
explicitly. The isoclines are made up of horizonal lines y = m, along
which the slope of directional fields is the constant, y' = f(m).

16.4 Equilibrium Points

The DE has the constant solution y = yo, if and only if f(yo) = 0.
These values of yy are the equilibrium points or stationary points
of the DE. y = gy is called a source if f(y) changes sign from - to +
as y increases from just below y = yg to just above y = yp and is called
a sink if f(y) changes sign from + to - as y increases from just below
Yy = yo to just above y = yp; it is called a node if there is no change in
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sign. Solutions y(t) of the DE appear to be attracted by the line y = vy,
if 9o is a sink and move away from the line y = yo, if yo is a source.

17. Phase Line Analysis

The y-axis on which is plotted the equilibrium points of the DE with
arrows between these points to indicate when the solution y is increasing
or decreasing is called the phase line of the DE. The autonomous DE

dy/dz = 2y —y°

has 0 and 1 as equilibrium points. The point y = 0 is a source and y = 2
is a sink (see Fig.2.1). This DE is a logistic model for a population
having 2 as the size of a stable population. The equation

dy/dx = —y(2 —y)(3 —y)

has three equilibrium states: y = 0,2,3. Among them, y = 0,3 are the
sink, while y = 2 is the source (see Fig.2.2). The equation

dy/dz = —y(2 — y)?

has two equilibrium states: y = 0,2. The point y = 0 is a sink, while
y = 2 is a node (see Fig.2.3). The sink is stable, source is unstable,
whereas the node is semi-stable. The node point of the equation y = f(y)
can either disappear, or split into one sink and one source, when the
equation is perturbed with a small amount ¢ and becomes: y = f(y)+e¢.

18. Bifurcation Diagram

Some dynamical system contains a parameter A, such as

y = f(y,A).

Then the characteristics of its equilibrium states, such as their number
and nature, depends on the value of A. Some times, through a special
value of A = A, these characteristics of equilibrium states may change.
This A = A, is called the bifurcation point.

Example 1. For the logistic population growth model, if the population
is reduced at a constant rate s > 0, the DE becomes

dy/dz =2y —y* — s
which has a source at the larger of the two roots of the equation

y2—2y+s:0



FIRST ORDER DIFFERENTIAL EQUATIONS 33

Figure 2.1.  Sketch of the phase line for the equation dy/dx = 2y —y?, in which y = 0
is a source, y = 2 is a sink.

v
<

Figure 2.2. Sketch of the phase line for the equation dy/dz = —y(2 — y)(3 — y), in
which y = 0,3 is a sink, y = 2 is a source.

for s < 2. If s > 2 there is no equilibrium point and the population
dies out as y is always decreasing. The point s=2 is called a bifurcation
point of the DE.

Example 2. Chemical Reaction Model. One has the DE

R—RC]

dy/dx = —ay {yQ -

where
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v
<

Figure 2.3. Sketch of the phase line for the equation dy/dx = —y(2 — y)?, in which
the point y = 0 is a sink, while y = 2 is a node.

m y is the concentration of species A;

m R is the concentration of some chemical element,

and (a, R.) are constants (fixed). It is derived that

s If R < R, the system has one equilibrium state y = 0, which is
stable;

s If R > R, the system has three equilibrium states: y = 0, which is

R—R.
a

now unstable, and y = + , which are stable.

For this system, R = R, is the bifurcation point.
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Figure 2.4. Sketch of the bifurcation diagram of the equation dy/dx = y(2 —y) — s,
in which the point s = 2 is the bifurcation point.
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] I
T 1

R<f€c R R, 1R>R

!

—P ‘—g *—pr

Figure 2.5. Sketch of the bifurcation diagram of the equation dy/dz =

—ay [y2 — R;R“], in which the point R = R, is the bifurcation point.




PART (VII): NUMERICAL APPROACH
AND APPROXIMATIONS

19. Euler’s Method

In this section we discuss methods for obtaining a numerical solution
of the initial value problem

/

y = flz.y), y(@o) =yo
at equally spaced points xg,x1,22,..., TN = P,... where xp11 — T, =
h > 0 is called the step size. In general, the smaller the value of the

better the approximations will be but the number of steps required will
be larger. We begin by integrating y' = f(x,y) between z,, and x,41. If

y(z) = ¢(x), this gives
$(@ns1) = dlan) + / b ()t

As a first estimate of the integrand we use the value of f(t,¢(t)) at
the lower limit x,, namely f(z,,®(z,)). Now, assuming that we have
already found an estimate vy, for ¢(x, ), we get the estimate

Yn+1 = Yn + hf(iUn, yn)

for ¢(xn41). It can be shown that

where C' is a constant which depends on p.

37
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20. Improved Euler’s Method

The Euler method can be improved if we use the trapezoidal rule for
estimating the above integral. Namely,

b 1
/ F(e)dz = 5(F(a) + F(0))(b — a).
This leads to the estimate

E(f(xmyn) + f($n+1a yn-‘rl))‘

Yn+l = Yn T+ 9

If we now use the Euler approximation y,11 to compute f(Znt1,Yn+1),
we get

h
Yn+l = Yn + §(f(xnayn) + f(fvn + h,yn + hf(xnv yn))

This is known as the improved Euler method. It can be shown that
Yo — ¢(z4)| < OR2.

In general, if y,, is an approximation for ¢(z,) such that
yn — o(an)| < CRP,

we say that the approximation is of order p. Thus the Euler method is
first order and the improved Euler is second order.

21. Higher Order Methods

On can obtain higher order approximations by using better approx-
imations for F'(t) = f(t,¢(t)) on the interval [x,,zn+1]. For example,
the Taylor series approximation

F(t) = F(an)+F (@) (t=an) + " (20) (t=20) /24 -+ F 7D (@) (t—an)P "/ (p—-1)!

yields the approximation

h? hP
Yntl = Yn + hfl(l‘:z:ayn) + ?f2($na yn) + 4+ Efpfl(xna yn)a
where
o o (k—1)
_ pen, oy [ 9 9
fk(xna yn) F (xn) Oz + f(xa y) ay f(xnu yn)-

It can be show that this approximation is of order p. However it is
computationally intensive as one has to compute higher derivatives.
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In the case p = 2 this formula was simplified by Runge and Kutta to
give the second order midpoint approximation

h h
+ = Yn+ Ef(linayn) .

Yn+l = Yn + hf In 9

In the case p = 4 they obtained the 4-th order approximation

1
Yn+l = Yn + g(kl + 2ko + 2k3 + k4),

where
1 - hf($n, n]27 k
n r1
3_hf(x7‘b 27y7l+7)7
k4 —hf(xn+h yn+k3)

Computationally, it is much simpler than the 4-th order Taylor series
approximation from which it is derived.

4*) Picard Iteration

We assume that f(x,y) and % are continuous on the rectangle

R: |z—xo| <a, ly—yo| <b

Then |f(x,y)| < M, |g—£(aj,y)] < L on R. The initial value problem
y' = f(z,y), y(xo) = yo is equivalent to the integral equation

y=w+ [ Fltyl)d

Let the righthand side of the above equation be denoted by T'(y). Then
our problem is to find a solution to y = T'(y) which is a fixed point
problem. To solve this problem we take as an initial approximation to y
the constant function yo(z) = yo and consider the iterations y, = 7" (yp).
The function y, is called the n-th Picard iteration of yg. For example,
for the initial value problem 3’ = z + y2, y(0) = 1 we have

yl(m):1+/ (t+1)dt =1+ +2%/2
0

ya(z) = 1+/ (t+(1+t4+t2/2)?)dt = 1+x+32% /2422 /3+ 2 /4427 /20.
0

Contrary to the power series approximations we can determine just how
good the Picard iterations approximate y. In fact, we will see that the
Picard iterations converge to a solution of our initial value problem.
More precisely we have the following result:
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4.1 Theorem of Existence and Uniqueness of Solu-
tion for IVP

The Picard iterations y, = T™(yo) converge to a solution y of y' =
f(z,y), y(xo) = yo on the interval |x —xo| < h = min(a,b/M). Moreover

ly(2) = yn(x)| < (M/L)e" (LR)"/(n +1)!
for |z — x| < h and the solution y is unique on this interval.

Proof. We have
X
=l =1 | f(t0)] < Mla — o)
zo

since |f(z,y)] < M on R. Now |y1 —yo| < bif |x —x¢| < h. So (z,y1(x))
isin R if |x — x| < h. Similarly, one can show inductively that (z,y,(x))
is in R if |z — x| < h. Using the fact that, by the mean value theorem
for derivatives,

’f(l‘,Z) - f(ac,w] < L’Z - w’

for all (z,w), (z,2) in R, we obtain

=l =1 [ () = £(t.)| < MLlz - aof?/2,

= el = | [ () = F(t.n)| < ML*a — w0/

and by induction |y, — yn—1| < ML" !z — x¢|"/n!. Since the series
>3 |Yn — Yn—1] is bounded above term by term by the convergent series
(M/L)>°(L|x — xo|)™/n!, its n-th partial sum y,, —yo converges, which
gives the convergence of 1, to a function y. Now since

oo
y=vo+ Wi —yo)+ -+ Wn—Yn—1)+ > (v —yi-1)
i=n+1

we obtain

[y — yn| < f: (M/L)(L(|Jx — wo])' /i < (M/L)Mem
et (n+1)!

For the uniqueness, suppose T'(z) = z with (z, 2(z) in R for |z —x¢| <
h. Then

xT

y(z) — 2(z) = / (F(t,y(2)) — f(t, 2(x))dt.

0
If ly(z) — z(z)| < A for  — x| < h we then obtain as above

y(z) — 2(x)] < ALlz — ol
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Now using this estimate, repeat the above to get

ly(w) — 2(2)| < AL?|x — o[*/2.
Using induction we get that

ly(x) — 2(x)| < AL"|x — zo[" /n!

which converges to zero for all . Hence y = z. QED

The key ingredient in the proof is the Lipschitz Condition

|f(z,y) — flz,2)| < Lly — 2|.

If f(z,y) is continuous for |z — zp| < a and all y and satisfies the above
Lipschitz condition in this strip the above proof gives the existence and
uniqueness of the solution to the initial value problem y' = f(z,v),
y(xo) = yo on the interval |z — x| < a.






Chapter 3

N-TH ORDER DIFFERENTIAL EQUATIONS
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PART (I): THE FUNDAMENTAL
EXISTENCE AND UNIQUENESS
THEOREM

In this lecture we will state and sketch the proof of the fundamental
existence and uniqueness theorem for the n-th order DE

y(n) = f(x7 y? y,7 et y(n_l))'

The starting point is to convert this DE into a system of first order DE’.

Let y1 = y,y2 = ¢/, ...y Y = y,. Then the above DE is equivalent to
the system

d
G =V
@ =Y3
" (3.1)
dyn, .
c?T :f(x7y17y27-~-ayn)-

More generally let us consider the system

d
ﬁ :fl(waylay%---ayn)
% :fQ(:EvylayQP"ayn) (32)

d n
G = ful@, gy, 00).

fwelet Y = (yr, v, yn) F(@Y) = {12, Y), fol@. Y ). fule,Y) }

and % = (%, %, e dg;), the system becomes
dY
— = F(2,Y).
- (,Y)

45
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1. Theorem of Existence and Uniqueness (I)

If fi(wvyla cee 7yn) and ?)g{;

box

are continuous on the n + 1-dimensional

R:|lz—xo| <a, lyi—ci| <b,(1<i<n)
for 1 <i,j <n with |fi(z,y)] < M and

ofi ofi| , |9fi <I
oyrl  10y2 OYn
on R for all 7, the initial value problem
ay
. =F(z,Y), Y(xo) = (c1,¢2,...,¢n)

has a unique solution on the interval |z — x| < h = min(a,b/M).

The proof is exactly the same as for the proof for n = 1 if we use the
following Lemma in place of the mean value theorem.

1.1 Lemma

If f(z1,29,...2,) and its partial derivatives are continuous on an n-
dimensional box R, then for any a,b € R we have
Y-

of of
Fv = (c)
al‘l a:L’n
where ¢ is a point on the line between a and b and |(x1,...,2,)| =
max(!:n1|, cee ‘$n|)

@)~ F0) < (

@+ +

The lemma is proved by applying the mean value theorem to the
function G(t) = f(ta+ (1 — t)b). This gives

G(1) = G(0) = G'(c)

for some ¢ between 0 and 1. The lemma follows from the fact that

The Picard iterations Yy (z) defined by
Yo(@) = Yo = (e1,- o sen), Yinr() =Yo+ [ F(,Yi(t)de,
@0

converge to the unique solution Y and

Y (z) — Yi(z)| < (M/L)e"R* 1) (k + 1)
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If fi(x,y1,-- 59, g@’f_ are continuous in the strip | — zg| < a and there
J
is an L such that

[f(2,Y) = f(, Z)| < LIY = Z|

then h can be taken to be a and M = max|f(x,Yy)|. This happens in
the important special case

filz,yi, . yn) = ain(2)yr + - -+ + ain(2)yn + bi(x).

As a corollary of the above theorem we get the following fundamental
theorem for n-th order DE’s.

2.  Theorem of Existence and Uniqueness (II)

If f(z,y1,...,yn) and g—?fj are continuous on the box
R:jz—xo|<a, lyi—ci| <b(1<i<n)
and |f(x,y1,...,yn)| < M on R, then the initial value problem
v = ey y Y)Y T @) = ¢ (1< 1<)

has a unique solution on the interval |x — zg| < h = max(a,b/M).

Another important application is to the n-th order linear DE
ao(2)y™ + a1 (2)y" Y 4+ - 4 an(z)y = bla).

In this case fi = y2, f2 = y3, fu = P1(2)y1 + - Pu(2)yn + q(z) where
pi(z) = an—i(x)/ao(z), ¢(z) = —b(z)/ao(z).

3. Theorem of Existence and Uniqueness (III)

If ap(z),a1(z),. .., an(x) are continuous on an interval I and ag(x) # 0
on I then, for any xo € I, that is not an endpoint of I, and any scalars
c1,Ca,...,Cn, the initial value problem

ao(z)y™ +a1(z)y" V4 tan(z)y = blx), y M ao) = ¢ (1< 1< n)

has a unique solution on the interval I.






PART (II): BASIC THEORY OF LINEAR
EQUATIONS

In this lecture we give an introduction to several methods for solving
higher order differential equations. Most of what we say will apply to the
linear case as there are relatively few non-numerical methods for solving
nonlinear equations. There are two important cases however where the
DE can be reduced to one of lower degree.

3.1 Case (I)
DE has the form:

y™ = fla, 'y, y™Y)

where on the right-hand side the variable y does not appear. In this
case, setting z = 9/ leads to the DE

2N = fle 2,2 22

which is of degree n — 1. If this can be solved then one obtains y by
integration with respect to x.

For example, consider the DE " = (3/)2. Then, setting z = v/, we get
the DE 2/ = 22 which is a separable first order equation for z. Solving
it we get z = —1/(x + C) or z = 0 from which y = —log(z + C) + D or
y = C. The reader will easily verify that there is exactly one of these
solutions which satisfies the initial condition y(xo) = vo, ¥'(z0) = ¥}
for any choice of zg, yo, y{, which confirms that it is the general solution
since the fundamental theorem guarantees a unique solution.

49
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3.2 Case (II)
DE has the form:

y™ = fly,y,y", .y )

where the independent variable x does not appear explicitly on the right-
hand side of the equation. Here we again set z = ¢ but try for a solution

z as a function of y. Then, using the fact that % = zd%, we get the DE

(Zi)n_l (z2)=1f <y, z, ZZ, e (zi)”(z))

which is of degree n — 1. For example, the DE y" = (y/)? is of this type

and we get the DE
dz 9

Z@:Z

which has the solution z = Ce¥. Hence y' = Ce¥ from which —e ¥ =
Cx + D. This gives y = —log(—Cx — D) as the general solution which
is in agreement with what we did previously.

4. Linear Equations
4.1 Basic Concepts and General Properties
Let us now go to linear equations. The general form is
L(y) = ao(2)y™ + a1 (2)y" ™V + -+ + an(x)y = b(x).

The function L is called a differential operator. The characteristic feature
of L is that

L(aiy + azy2) = a1 L(y1) + a2 L(y2).
Such a function L is what we call a linear operator. Moreover, if
Li(y) = ao()y™ + a1 (2)y" ™) + - + an(2)y
La(y) = bo(2)y"™ + bi @)y + -+ bu(a)y
and p1(x), pa(z) are functions of = the function p; L1 + pa Lo defined by

(p1L1 + paL2)(y) = p1(x)L1(y) + p2(z)L2(y) 3.3)
= [ag(x) + p2(x)bo(x)] y™ + - - [p1(x)an(z) +P2($)bn(l’)ﬁ Yy

is again a linear differential operator. An important property of linear
operators in general is the distributive law:

L(Ly+ Ly) = LIy + LLy, (Li1+ Lo)L =LiL+ LoL.
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The linearity of equation implies that for any two solutions y1, ys the
difference y; — y2 is a solution of the associated homogeneous equation
L(y) = 0. Moreover, it implies that any linear combination a;1y; + asy2
of solutions y1,y2 of L(y) = 0 is again a solution of L(y) = 0. The
solution space of L(y) = 0 is also called the kernel of L and is denoted
by ker(L). It is a subspace of the vector space of real valued functions
on some interval I. If y, is a particular solution of L(y) = b(x), the
general solution of L(y) = b(z) is

ker(L) +yp = {y +yp | L(y) = 0}.

The differential operator L(y) = v’ may be denoted by D. The opera-
tor L(y) = 4" is nothing but D? = Do D where o denotes composition of
functions. More generally, the operator L(y) = 3™ is D". The identity
operator I is defined by I(y) = y. By definition D® = I. The general
linear n-th order ODE can therefore be written

la0(@)D" + a1 (2) D" + -+ + an (2)1 | (y) = b(a).

5. Basic Theory of Linear Differential Equations

In this lecture we will develop the theory of linear differential equa-
tions. The starting point is the fundamental existence theorem for the
general n-th order ODE L(y) = b(x), where

L(y) = D" 4+ a1(z)D" ' 4 - + an(z).

We will also assume that ag(z),a1(x),...,an(x),b(x) are continuous
functions on the interval I.

5.1 Basics of Linear Vector Space
5.1.1 Isomorphic Linear Transformation

From the fundamental theorem, it is known that for any xzg € I, the
initial value problem

L(y) =b(z) ylwo) =d1,y (z0) = da,...,y" D (w0) = dn

has a unique solution for any dy,ds,...,d, € R.

Thus, if V' is the solution space of the associated homogeneous DE
L(y) = 0, the transformation

T:V—->R"

defined by T(y) = (y(z0), 9 (x0), ..,y (x0)), is linear transforma-
tion of the vector space V' into R since

T(ay + bz) = aT(y) + bT(2).
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Moreover, the fundamental theorem says that T' is one-to-one (T'(y) =
T(z) impliesy = z) and onto (every d € R" is of the form T'(y) for some
y € V). A linear transformation which is one-to-one and onto is called
an isomorphism. Isomorphic vector spaces have the same properties.

5.1.2 Dimension and Basis of Vector Space
We call the vector space being n-dimensional with the notation by
dim(V) = n. This means that there exists a sequence of elements:
Y1, Y2, ..., Yn € V such that every y € V can be uniquely written in the
form
Yy =cCiy1+Cy2 +...C¥Yn

with ¢1,¢9,...,¢, € R. Such a sequence of elements of a vector space
V is called a basis for V. In the context of DE’s it is also known as a
fundamental set. The number of elements in a basis for V is called
the dimension of V' and is denoted by dim(V"). If

er=(1,0,...,0), e2=(0,1,...,0),...,en = (0,0,...,1)

is the standard basis of R™ and y; is the unique y; € V' with T'(y;) = e;
then y1,4o,...,yn is a basis for V. This follows from the fact that

T(ciyr +coy2 + -+ cuyn) = 1T (y1) + 2T (y2) + - - + T (yn).

5.1.3  (*) Span and Subspace

A set of vectors vy,vo, -+, v, in a vector space V is said to span or
generate V if every v € V can be written in the form

vV =Cv1 + U2+ + CrUp

with c1,c¢9,...,¢c, € R. Obviously, not any set of n vectors can span
the vector space V. It will be seen that {vy, v, -+, v,} span the vector
space V, if and only if they are linear independent. The set

S = span(vy,va,...,v,) = {c1v1 + cova + - + cpun | €1,C2,. .., cn € R}
consisting of all possible linear combinations of the vectors v1,vs,...,v,
form a subspace of V', which may be also called the span of {vy,ve,...,v,}.
Then V = span(vy, ve,...,v,) if and only if vy, vy, ..., v, spans V.

5.1.4  Linear Independency

The vectors vy, ve, ..., v, are said to be linearly independent if

c1v1 + cv2 + ... crvn, =0
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implies that the scalars ¢y, co,...,c, are all zero. A basis can also be
characterized as a linearly independent generating set since the unique-
ness of representation is equivalent to linear independence. More pre-
cisely,
C1U1 4 CoUg + -+ - + CpUp = Ut + Cyua + -+ + ¢y
implies
¢ =d for all 7,
if and only if v1,ve, ..., v, are linearly independent.
As an example of a linearly independent set of functions consider

cos(z), cos(2x), sin(3x).

To prove their linear independence, suppose that ci,co, c3 are scalars
such that
1 cos(x) + ¢ cos(2x) + e3sin(3z) =0

for all . Then setting x = 0,7/2, 7, we get
c1+cy+c3 =0,
—c9 — C3 =0, (3.4)
—C1 + ¢2 =0
from which ¢; = ¢y =3 = 0.
An example of a linearly dependent set would be sin?(z), cos?(x), cos(2z)

since
cos(2x) = cos?(z) — sin’(x)

implies that cos(2z) + sin?(x) + (—1) cos?(x) = 0.

5.2 Wronskian of n-functions

Another criterion for linear independence of functions involves the
Wronskian.

5.2.1 Definition

If y1,992,...,yn are n functions which have derivatives up to order
n — 1 then the Wronskian of these functions is the determinant

U1 Y2 oo Yn

W =Wy, y2,---,Yn) = : :
-1 -1 —1
ST SR

If W(zg) # 0 for some point xg, then yi,ys,...,y, are linearly inde-
pendent. This follows from the fact that W (z¢) is the determinant of
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the coefficient matrix of the linear homogeneous system of equations in
c1,Co,...,C, Obtained from the dependence relation

c1yr +cy2 + -+ cpyp =0

and its first n — 1 derivatives by setting z = xg.
For example, if y; = cos(x), cos(2z), cos(3z) we have

cos(z) cos(2z)  cos(3x)
W = | —sin(z) —2sin(2z) —3sin(3x)
—cos(z) —4cos(2x) —9cos(3z)

and W (m/4)) = —8 which implies that y1, y2, y3 are linearly independent.
Note that W(0) = 0 so that you cannot conclude linear dependence
from the vanishing of the Wronskian at a point. This is not the case if
Y1, Y2, - - -, Yn are solutions of an n-th order linear homogeneous ODE.

5.2.2 Theorem 1

The the Wronskian of n solutions of the n-th order linear ODE L(y) =
0 is subject to the following first order ODE:

aw

dr = —ay(z)W,

with solution

W (z) = W(xg)e Jao o)

From the above it follows that the Wronskian of n solutions of the
n-th order linear ODE L(y) = 0 is either identically zero or vanishes
nowhere.

5.2.3 Theorem 2

If y1, 99, . . ., yn are solutions of the linear ODE L(y) = 0, the following
are equivalent:

1 y1,Y2,...,Yn is a basis for the vector space V = ker(L);
2 y1,Y2,...,yn are linearly independent;

3 ™)y, ya,. .., yn span V;

4 y1,y2,...,Yyn generate ker(L);

5 W(yi,y2,--.,yn) # 0 at some point xo;

6 W(y1,vy2,...,yn) is never zero.
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Proof. The equivalence of 1,2,3 follows from the fact that ker(L) is
isomorphic to R™. The rest of the proof follows from the fact that if
the Wronskian were zero at some point xy the homogeneous system of
equations

c1y1(wo) + c1y2(To) + - + cnyn(To) =0
c1y1(zo) + c1ya(@o) + -+ - + cnyn(@0) =0
) (3.5)
ergf" D (o) + eand™ ™ (wo) + -+ el (o) =0
would have a non-zero solution for c1, co, ..., ¢, which would imply that
ayrtey2+-+cpyn =0
and hence that y1,yo, ..., y, are not linearly independent. QED

From the above, we see that to solve the n-th order linear DE L(y) =
b(x) we first find linear n independent solutions y1, y2, . . ., yn of L(y) = 0.
Then, if yp is a particular solution of L(y) = b(x), the general solution

of L(y) = b(x) is

Yy =ciy1r +cy2 + -+ CplYn +Yp.
The initial conditions y(xg) = di,y'(zo) = da, . .. ,yﬁlnfl)(xo) = d,, then
determine the constants ci, ca, . .., ¢, uniquely.






PART (III): SOLUTIONS FOR
EQUATIONS WITH CONSTANTS
COEFFICIENTS (1)

In what follows, we shall first focus on the linear equations with con-
stant coefficients:

L(y) = aoy'™ + ary" ™V + - + any = b(x)

and present two different approaches to solve them.

6. The Method with Undetermined Parameters

To illustrate the idea, as a special case, let us first consider the 2-nd
order Linear equation with the constant coefficients:

L(y) = ay’ + by’ + cy = f(x). (3.6)
The associate homogeneous equation is:
L(y) =ay” + by +cy =0. (3.7)

6.1 Basic Equalities (I)
We first give the following basic identities:
D(e"®) = re"™; D?(e") = r2e™; ... D"(") = r"e’?. (3.8)

To solve this equation, we assume that the solution is in the form
y(z) = €™, where r is a constant to be determined. Due to the properties
of the exponential function e™:

y'(x) = ry(x); v'(x) =7
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we can write

L(e™) = ¢(r)e"™. (3.9)
for any given (r,x), where

(r) = ar® + br + c.

is called the characteristic polynomial. From (3.9) it is seen that the
function e satisfies the equation (3.6), namely L(e"*) = 0, as long as
the constant r is the root of the characteristic polynomial, i.e. ¢(r) = 0.
In general, the polynomial ¢(r) has two roots (r1,72): One can write

o(r) = ar? +br +c=a(r —r)(r —ro).
Accordingly, the equation (3.7) has two solutions:

{yi(x) =™ yo(z) ="}

Two cases should be discussed separately.

6.2 Cases (I) (7, > r2)

When b? — 4ac > 0, the polynomial ¢(r) has two distinct real roots
(11 # r2). In this case, the two solutions, yx);y2(x) are different. The
following linear combination is not only solution, but also the general
solution of the equation:

y(z) = Ayi(x) + Bya(z), (3.10)

where A, B are arbitrary constants. To prove that, we make use of the
fundamental theorem which states that if y, z are two solutions such
that y(0) = 2(0) = yo and ¥/ (0) = 2/(0 = y(,) then y = 2. Let y be any
solution and consider the linear equations in A, B

Ay1(0) + By2(0) = y(0),

Ay;(0) + Byh(0) = /(0), (3.11)

or

A+ B = Yo,

Ari+ Bry = y6 (312)

Due to 1 # 79, these conditions leads to the unique solution A, B.
With this choice of A, B the solution z = Ay; + By satisfies z(0) =
y(0), 2/(0) = ¢/(0) and hence y = z. Thus, (3.10) contains all possible
solutions of the equation, so, it is indeed the general solution.
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6.3 Cases (II) (ry,=17y)
b

When b?—4ac = 0, the polynomial ¢(r) has double root: r; = ry = e
In this case, the solution y;(x) = ya(z) = €"™*. Thus, for the general
solution, one needs to derive another type of the second solution. For
this purpose, one may use the method of reduction of order.

Let us look for a solution of the form C(x)e™* with the undetermined
function C(z). By substituting the equation, we derive that

L(Cz)en™) = C(2)(r1)em ™ +a[C" (x)+2r (' (x) | +bC" (2)e™ = 0.

Noting that
¢(r1) =0; 2ar;+b=0,

we get
C"(x)=0
or
C(z) = Az + B,
where A, B are arbitrary constants. Thus, we solution:
y(x) = (Az + B)e"”, (3.13)

is a two parameter family of solutions consisting of the linear combina-
tions of the two solutions y; = €% and yo = xe™”. It is also the general
solution of the equation. The proof is similar to that given for the case
(I) based on the fundamental theorem of existence and uniqueness. Let
y be any solution and consider the linear equations in A, B

Ay1(0) + By2(0) = y(0),
Ayi(O) + ByZ(O) = 4/(0), (3.14)

or

A = y(0),

Ar1 + B = y/(0). (3.15)

these conditions leads to the unique solution A = y(0), B = ¢/(0) —
r1y(0). With this choice of A, B the solution z = Ay; + By, satisfies
2(0) = y(0), 2’(0) = 4/(0) and hence y = 2. Thus, (3.13) contains all
possible solutions of the equation, so, it is indeed the general solution.
The approach presented in this subsection is applicable to any higher
order equations with constant coefficients.

Example 1. Consider the linear DE y” + 2y +y = z. Here L(y) =
y" + 2y’ +y. A particular solution of the DE L(y) = z is yp = . — 2.
The associated homogeneous equation is

y// +2y//+y — 0
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The characteristic polynomial
p(r)=r+2r+1=(r+1)>?
has double roots r; = r9 = —1. Thus the general solution of the DE
Y +2 +y=2x

isy=Are "+ Be *+ 1z —2.
This equation can be solved quite simply without the use of the fun-
damental theorem if we make essential use of operators.

6.4 Cases (III) ( Ti2 = A i[,l,)

When b? — 4ac < 0, the polynomial ¢(r) has two conjugate complex
roots r1 2 = A £iu. We have to define the complex number,

2=-1, P=-i it=1 =i

and define and complex function with the Taylor series:

) X jnn © ( 1)71 2n n p2ntl
iz __ —
= cosz + isinm. (3.16)

From the definition, it follows that
™Y — e%el¥ = % (cosy + isiny) .
and
D(e"™) = re®, D"(e"™) =r"e”
where r is a complex number. So that, the basic equalities are now

extended to the case with complex number r. Thus, we have the two
complex solutions:

y1 () = €% = M (cos prtisin pz), yo(z) = €% = e (cos pr—isin pzx)

with a proper combination of these two solutions, one may derive two
real solutions:

g1(z) = e M cos px,  Go(x) = e sin px

and the general solution:

y(z) = e’ (Acos px + Bsin ux).



PART (IV): SOLUTIONS FOR
EQUATIONS WITH CONSTANTS
COEFFICIENTS (2)

We adopt the differential operator D and write the linear equation in
the following form:

L(y) = (aoD™ + a; D"V ... 4+ a,)y = P(D)y = b(x).

7. The Method with Differential Operator
7.1  Basic Equalities (IT).

We may prove the following basic identity of differential operators:
for any scalar a,

(D —a) =e*™De %

3.17
(D _ a)n — eamDnefax ( )

where the factors €%, e~** are interpreted as linear operators. This
identity is just the fact that

d7y — qu = e« <d(e—aw ))
de YT dx 9)-
The formula (3.17) may be extensively used in solving the type of lin-

ear equations under discussion. Let write the equation (3.7) with the
differential operator in the following form:

L(y) = (aD* +bD 4 ¢)y = ¢(D)y = 0, (3.18)
where
¢(D) = (aD* +bD + ¢)

is a polynomial of D. We now re-consider the cases above-discussed with
the previous method.
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7.2 Cases (I) ( b*> — 4ac > 0)

The polynomial ¢(r) have two distinct real roots r1 > ro. Then, we
can factorize the polynomial ¢(D) = (D — r1)(D — r2) and re-write the
equation as:

L(y) = (D = ri)(D —r2)y = 0.

letting
Z = (D - 7“2)3/,

in terms the basic equalities, we derive
(D—r1)z=¢e""De "2 =0,
ez =A, z=Ae"".
Furthermore, from

(D —ry)y =€ De” Py = z = Ae"7,

we derive
D(efrzxy) — o T2T — Ae(rlfrg)a:
and B
y = Ae™”" 4+ Be™?*,
where A = —4 B are arbitrary constants. It is seen that, in general,

(ri—r2)
to solve the equation

L(y) = (D —=r1)(D —ry)--- (D =)y =0,
where r; # 5, (i # j), one can first solve each factor equations
(D —ri)y;i =0, (i=1,2,---,n)
separately. The general solution can be written in the form:
y(@) = y1(x) +y2(2) + - + yn(2).

7.3 Cases (II) ( b* — 4ac = 0)

. The polynomial ¢(r) have double real roots r; = ro. Then, we can
factorize the polynomial ¢(D) = (D —r1)? and re-write the equation as:

L(y) = (D = 1)’y = 0.
In terms the basic equalities, we derive

(D —r1)%y = "% D% 1%y = 0,



N-TH ORDER DIFFERENTIAL EQUATIONS 63

hence,
D?(e™"%y) = 0.

One can solve
(e7"*y) = A+ Bu,

or
y = (A+ Bx)e"?”.

In general, for the equation,
L(y) = (D —r)"y =0.
we have the general solution:
y= (A1 + Aoz + -+ + Az e"
So, we may write

ker((D —a)") = {(ap + az + - - - + an_12" " 1)e™ | ag,a1,...,a,_1 € R}.

7.4  Cases (III) ( b — 4ac < 0)

The polynomial ¢(r) have two complex conjugate roots rj o = A £ipu.
Then, we can factorize the polynomial ¢(D) = (D—\)2+pu?, and re-write
the equation as:

L(y) = (D = A\)?+ p*)y = 0. (3.19)
Let us consider the special case first:
L(z) = (D* + p?)z = 0.
From the formulas:
D(cos pzr) = —psinz, D(sinx) = pcosz,

it follows that
z(z) = Acos px + Bsin pz.

To solve for y(z), we re-write the equation (3.19) as
(e)\xD2e—)\x + MQ)y = 0.
Then
D2(e—)\:cy) + M2e—>\zy — (D2 + H2)e—)\$y —0.
Thus, we derive

e *y(z) = Acos px + Bsin uz,
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or
y(x) = e (A cos px + Bsin pzx). (3.20)

One may also consider case (I) with the complex number 71,72 and
obtain the complex solution:

y(z) = M (AT 4 Be~iH7). (3.21)

7.5 Theorems

In summary, it can be proved that the following results hold:

» ker (D —a)™) = span(e®®, ze®, ... x™ 1eo®)

It means that ((D —a)™)y = 0 has a set of fundamental solutions:

{eaan’xeam7 ool ij—leaw}

m ker (D — a)? + v*)™) = span(e® f(z), ve®® f(z),..., 2™ Let® f(1)),
f(z) = cos(bx) or sin(bx)
It means that ((D — a)? + b?)™)y = 0 has a set of fundamental
solutions:

{e‘mf(:c)7 xe® f(x),..., xm_leaxf(x)},
where f(x) = cos(bx) or sin(bx).

o ker(P(D)Q(D)) = ker(P(D))+ker(Q(D)) = {yn+ys | 11 € kex(P(D)),
y2 € ker(Q(D))}, if P(X),Q(X) are two polynomials with constant
coefficients that have no common root. It means that if P(X), Q(X)
have no common roots, then the set of fundamental solutions for the
operator P(D)Q(D) is just the joint set:

{pl(gc)vp?(x)v e 7pn<x); Q1(x)’ Q2(x)7 e Qm(x)}a

where {p1(x), p2(x),- -, pn(x)} is the set of fundamental solutions for
the operator P(D), and {q1(z),q2(x), - gm(x)} is the set of funda-
mental solutions for the operator Q(D).

Example 1. By using the differential operation method, one can easily
solve some inhomogeneous equations. For instance, let us reconsider the
example 1. One may write the DE y” + 2y’ +y = z in the operator form
as

(D*+2D + I)(y) = =.
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The operator (D? + 2D + I) = ¢(D) can be factored as (D + I)?. With
(3.17), we derive that

(D +I)? = (e "De)(e " De®) = e~ D",

Consequently, the DE (D + I)2(y) = x can be written e *D?%e%(y) = x
or

d2
T (ey) = we”

which on integrating twice gives
ey=uxe® —2e"+ Ax+ B, y=x—2+ Aze ¥+ Be *.
We leave it to the reader to prove that

ker((D —a)") = {(ap + az + -+ + an_lxnfl)ea’” | ap,a1,...,an—1 € R}.

Example 2. Now consider the DE y” — 3y’ + 2y = ¢*. In operator form
this equation is
(D? —3D +2I)(y) = €.

Since (D? — 3D +2I) = (D — I)(D — 2I), this DE can be written
(D~ 1)(D—21)(y) = e

Now let z = (D — 2I)(y). Then (D —I)(z) = €”, a first order linear DE
which has the solution z = ze® + Ae®. Now z = (D — 2I)(y) is the linear
first order DE

Yy — 2y = ze” + Ae”

which has the solution 3y = e® — ze® — Ae® 4+ Be?®. Notice that —Ae® +
Be?® is the general solution of the associated homogeneous DE 3" —
3y’ +2y = 0 and that ¢® — ze® is a particular solution of the original DE
Y — 3y + 2y = e°.
Example 3. Consider the DE
y" + 2y + 5y = sin(x)

which in operator form is (D? + 2D + 5I)(y) = sin(x). Now

D? 42D + 51 = (D +I)? + 41

and so the associated homogeneous DE has the general solution

Ae " cos(2x) + Be " sin(2x).
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All that remains is to find a particular solution of the original DE. We
leave it to the reader to show that there is a particular solution of the
form C cos(x) + Dsin(z).

Example 4. Solve the initial value problem
y" =3y + 7y =5y =0, y(0)=1,5(0)=y"(0) =0.

The DE in operator form is (D3 —3D? + 7D — 5)(y) = 0. Since
pr)y =13 —3r+T7r—5=(r—1)(r> =2r+5) = (r — 1)[(r — 1)% + 4],
we have

L(y) = (D3 —=3D*+ 7D — 5)(y)

(
= (D -1ID-1)* +4](y)
(D =1)* +4](D ~1)(y)

= 0. (3.22)
From here, it is seen that the solutions for
(D-1)(y) =0, (3.23)
namely,
y(@) = cre”, (3.24)
and the solutions for
[(D—1)*+4](y) =0, (3.25)
namely,
y(x) = coe” cos(2x) + c3e” sin(2z), (3.26)

must be the solutions for our equation (3.22). Thus, we derive that the
following linear combination

y = c1€” + c2€” cos(2x) + c3ze” sin(2z), (3.27)

must be the solutions for our equation (3.22). In solution (3.27), there
are three arbitrary constants (c1, ¢z, ¢3). One can prove that this solution
is the general solution, which covers all possible solutions of (3.22). For
instance, given the I.C.’s: y(0) = 1,4/(0) = 0,y”(0) = 0, from (3.27), we
can derive
c1+co =1,

c1+ co+ 2c3 =0,

c1 — 3co + 4e3 = 0,
and find ¢; =5/4,c0 = —1/4,¢3 = —1/2.



PART (V): FINDING A PARTICULAR
SOLUTION FOR INHOMOGENEOUS
EQUATION

Variation of parameters is method for producing a particular solution
of a special kind for the general linear DE in normal form
L(y) = y™ + a1 (x)y™ Y + - + an(z)y = b(z)

from a fundamental set yi, 4o, ...,y of solutions of the associated ho-
mogeneous equation.

8. The Differential Operator for Equations with
Constant Coefficients

Given
L(y) = P(D)(y) = (aoD"™ + a1 D™V 4 ... 4 a, D)y = b(x).

Assume that the inhomogeneous term b(z) is a solution of linear equa-
tion:
Q(D)(b(x)) = 0.
Then we can transform the original inhomogeneous equation to the

homogeneous equation by applying the differential operator Q(D) to its
both sides,

(D)(y) = Q(D)P(D)(y) = 0.
The operator Q(D) is called the Annihilator. The above method is also
called the Annihilator Method.

Example 1. Solve the initial value problem

y" =3y + Ty by =2+, y(0)=1,4(0)=y"(0)=0.
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This DE is non-homogeneous. The associated homogeneous equation
was solved in the previous lecture. Note that in this example, In the
inhomogeneous term b(z) = x +€” is in the kernel of Q(D) = D?*(D—1).
Hence, we have

D*(D = 1)*((D =1)* +4)(y) =0

which yields y = Ax+ B+ Cxze” +c1e” 4 cae” cos(2z) +cze” sin(2x). This
shows that there is a particular solution of the form yp = Az + B+ Cxe®
which is obtained by discarding the terms in the solution space of the
associated homogeneous DE. Substituting this in the original DE we get

y" —3y" + Ty —5y=7TA—5B —5Ax — Ce”

which is equal to x 4+ €* if and only if TA—5B =0, -5A=1, —-C =1
so that A = —1/5, B= —7/25, C' = —1. Hence the general solution is

y = c1e” + ca€” cos(2x) + c3e” sin(2x) — x/5 — 7/25 — xe®.
To satisfy the initial condition y(0) = 0,4'(0) = 3”(0) = 0 we must have

c1+ ¢y = 32/25,
c1+co+2c3 = 6/5, (3.28)
c1—3co+4c3 =2

which has the solution ¢; = 3/2,co = —11/50,¢c3 = —1/25.
It is evident that if the function b(x) can not be eliminated by any
linear operator (D), the annihilator method will not applicable.

9. The Method of Variation of Parameters

In this method we try for a solution of the form

yp = C1(x)y1 + Co(x)y2 + - - + Cn(T)Yn-

Then yp = Ci(z)y; + Ca(@)ys + -+ + Cu(@)yy, + Cr(z)yr + Co(z)y2 +
-+ 4+ C/ (x)y, and we impose the condition

Cr(@)yr + Ca(@)yz + - -+ + Cp()yn = 0.
Then yp = C1(x)yy + Ca(2)yh + - - - + Cy(2)y,, and hence
vp = Cr(@)y{+Co(2)y+ - +Cn(2)yn+C1(@)y1+C(2)yat - +Cp (),

Again we impose the condition C(x)y; + Cy(z)yy + -+ Ch(z)y, =0
so that
vp = Ci(@)yi + Ca()ys + -+ + Cu(@)y}.
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We do this for the first n — 1 derivatives of y so that for 1 <k <n—1
yp) = Ci(@)yt” + Ca@ys” + - Cu(a)yP,

Cil@)yt” + Caa)y” + - + Ol @)y = 0.

Now substituting yp, yp, . .. ,ygl_l) in L(y) = b(z) we get

Cu()L(y1) + Co() L(ya) + -+ + Co(x) L(yn) + Cl(z)yi" ) (3.29)
+Cy(@)ys Y 4 Ch@)yn Y = b(x).

But L(y;) =0 for 1 < k <n so that

Cl(a)y™ ™ + Ch(a)yd V) -+ @)y = b(a).

We thus obtain the system of n linear equations for C{(z),...,C} (x)
Ci(@)yr + Ca(x)yz + -+ + Cp(2)yn =0,
Ci(@)yr + Co(x)ys + - -+ + Cr(@)y, =0,
. (3.30)

‘ n—1 n—1 n—1
Cl@)y"™ + 3y 4+ Chla)y™ = bl).
If we solve this system using Cramer’s Rule and integrate, we find

Ci(x) = /w:(—l)””b(t)‘;//idt

where W = W (y1,y2,...,yn) and W; = W(y1 ..., i, ..., Yn) where the”
means that y; is omitted. Note that the particular solution yp found in
this way satisfies

yp(z0) = yp(zo) =---=yp ~ =0.

The point z( is any point in the interval of continuity of the a;(z) and
b(x). Note that yp is a linear function of the function b(x).

Example 2. Find the general solution of 4’ +y = 1/x on z > 0.

The general solution of ¥ +y = 0 is y = ¢1 cos(x) + ¢ sin(z). Using
variation of parameters with y; = cos(x), yo = sin(x), b(z) = 1/z and
xo = 1, we have W = 1, W} = sin(x), Wy = cos(z) and we obtain the
particular solution y, = Ci(z) cos(z) + Ca(z) sin(z) where

Ci(z) = — /; Sint(t) dt, Co(x)= /11 Coi(t)dt.
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The general solution of y” +y = 1/z on x > 0 is therefore
T Q1 t

y = ¢ cos(z) + cpsin(z) — (/ SH;( )dt> cos(z) + (/ cos(t )dt> n(z).
1 1

When applicable, the annihilator method is easier as one can see from
the DE y” +y = e”. Here it is immediate that y, = €*/2 is a particular
solution while variation of parameters gives

Yp = — (/Oxe sin(¢ )dt) cos(x) + (/Ome cos(t )dt) sin(x).

The integrals can be evaluated using integration by parts:

o €tcos(t)dt = e® cos(z) — 1+ [ e sin(¢ )dt

= e” cos(z) + e”sin(x) — 1 — [§ e’ cos(t)dt (3.31)

which gives

/Ox e! cos(t)dt = [em cos(zx) + e sin(z) — 1]/2

/0 e'sin(t)dt = e” sin(x) — /0 el cos(t)dt = {em sin(z) — e” cos(x) + 1} /2

so that after simplification y, = €*/2 — cos(z)/2 — sin(x)/2.



PART (VI): LINEAR EQUATIONS WITH
VARIABLE COEFFICIENTS

In this lecture we will give a few techniques for solving certain linear
differential equations with non-constant coefficients. We will mainly
restrict our attention to second order equations. However, the techniques
can be extended to higher order equations. The general second order
linear DE is

po(2)y” + pi(z)y + p2(2)y = q().
This equation is called a non-constant coefficient equation if at least one
of the functions p; is not a constant function.

10. Euler Equations
An important example of a non-constant linear DE is Euler’s equation

/!

z2y" + axy’ + by = 0,
where a, b are constants.

This equation has singularity at « = 0. The fundamental theorem
of existence and uniqueness of solution holds in the region = > 0 and
x,0, respectively. So one must solve the problem in the region z > 0,
or x < 0 separately. We first consider the region z > 0. This Fuler
equation can be transformed into a constant coefficient DE by the change
of independent variable z = e!. This is most easily seen by noting that

dy _dyds_ oy _

= =e
dt  dx dt dx
so that g—g = e‘t%. In operator form, we have

d ,d d

dt ~ “dz Tdx

71



72 FUNDAMENTALS OF ORDINARY DIFFERENTIAL EQUATIONS
If we set D = %, we have % = e 'D so that
d2

T3 = e 'De D =e?e!'De7'D = e ?(D - 1)D

so that #2y” = D(D — 1). By induction one easily proves that

A

P =e™DMD—-1)---(D—-n+1)

or 2"y = D(D —1)---(D —n + 1)(y). With the variable ¢, Euler’s
equation becomes

d2y

d
2 + (a — 1)£ + by = q(e),

dt
which is a linear constant coefficient DE. Solving this for y as a function
of t and then making the change of variable ¢t = In(z), we obtain the
solution of Euler’s equation for y as a function of x.
For the region x < 0, we may let —x = e!, or |x| = e!. Then the
equation
22y +axy +by=0, (z<0)

is changed to the same form
d*y

d
A a—1T +by =0,

dt
Hence, we have the solution y(t) = y(In |z]) (= < 0).
The above approach, can extend to solve the n-th order Euler equation

xny(’l’b) _|_ alxn—ly(n—l) _|_ P + any - q(:[;)7

where a1, as, ... a, are constants.

Example 1. Solve 2%y + zy’ +y = In(z), (z > 0).

Making the change of variable z = e’ we obtain
d%y
- J =1
az Y

whose general solution is y = A cos(t) + Bsin(t) +t. Hence
y = Acos(In(z)) + Bsin(In(z)) + In(z)

is the general solution of the given DE.
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Example 2. Solve 3y + 22%y" + 2y —y =0, (z>0).

This is a third order Euler equation. Making the change of variable

x = e!, we get

(D(D=1)(D=2)+2D(D~1)+(D-1))(y) = (D= 1)(D* +1)(y) = 0
which has the general solution y = cie! + cgsin(t) + c3 cos(t). Hence

y = c12 + cosin(In(z)) + ¢3 cos(In(x))
is the general solution of the given DE.

11. Exact Equations
The DE po(x)y” + p1(2)y’ + p2(x)y = ¢(x) is said to be exact if

pol@)y + pi(e)y + palaly = - (Al)y + B(z)y).

In this case the given DE is reduced to solving the linear DE
Ay + By = [ a(a)do+C

a linear first order DE. The exactness condition can be expressed in
operator form as

poD? +p1D + py = D(AD + B).

Since L (A(2)y' + B(a)y) = A(x)y” + (A'(z) + B(x))y' + B'(z)y, the
exactness condition holds if and only if A(x), B(z) satisfy

A(z) = po(z), B(z) =pi(z) = py(z), B'(x) = pa(2).

Since the last condition holds if and only if p}(z) — pj(z) = p2(z), we
see that the given DE is exact if and only if

po—Pi+p2=0

in which case
po(@)y" + pi(x)y’ + pa(x)y = %(po(ﬂf)y’ + (p1(z) — po(2))y).

Example 3. Solve the DE zy” + 2y’ +y =2z, (z >0).
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This is an exact equation since the given DE can be written
L o/ + - 1))

—(z x — =z.

d Yy Yy

Integrating both sides, we get

oy +(z—1Dy=22/2+A

which is a linear DE. The solution of this DE is left as an exercise.

12. Reduction of Order

If 41 is a non-zero solution of a homogeneous linear n-th order DE,
one can always find a second solution of the form y = C(x)y; where
C'(z) satisfies a homogeneous linear DE of order n — 1. Since we can
choose C'(x) # 0 we find in this way a second solution y, = C(z)y1
which is not a scalar multiple of y;. In particular for n = 2, we obtain
a fundamental set of solutions y1,y2. Let us prove this for the second
order DE

po(@)y" + p1(2)y + pa2(z)y = 0.
If y1 is a non-zero solution we try for a solution of the form y = C(z)y;.
Substituting y = C'(x)y; in the above we get

po(@) (C"(2)y1+2C" (@)yi +C(@)y ) +p1(2) (C' (@) +C (@)} ) +pa(2) C(@)ys = 0.
Simplifying, we get
poy1C” () + (poyy + p1y1)C'(z) = 0

since poy} + p1y) + p2y1 = 0. This is a linear first order homogeneous
DE for C’(x). Note that to solve it we must work on an interval where
y1(z) # 0. However, the solution found can always be extended to the
places where y;(z) = 0 in a unique way by the fundamental theorem.

The above procedure can also be used to find a particular solution
of the non-homogenous DE py(z)y” + p1(z)y’ + p2(z)y = ¢(x) from a
non-zero solution of po(x)y” + p1(x)y’ + p2(z)y = 0.

Example 4. Solve y" + xy' —y = 0.

Here y = z is a solution so we try for a solution of the form y = C(z)z.
Substituting in the given DE, we get

C"(x)x +2C"(z) + 2(C'(z)x + C(x)) — C(z)z =0
which simplifies to

xC" (x) + (2% +2)C'(z) = 0.
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Solving this linear DE for C’(x), we get
C'(x) = 14679”2/2/332
so that i
Ola) = A / e + B
Hence the general solution of the given DE is

dx
r2er?/2°

y:A1x+A21:/

Example 5. Solve y" + 29/ —y = x3¢”.

By the previous example, the general solution of the associated ho-
mogeneous equation is

dz
Y = A1$+A2$/W
Substituting y, = 2C(z) in the given DE we get
C"(z) + (x +2/2)C'(x) = z%”.

Solving for C’(z) we obtain

C'(z) = ﬁ <A2 + /x4ex+x2/2dx> = AQ@ + H(x),
where ! ,
H(x) = ey /m4ex+x 12dy.
This gives

d
C(z) = Ay + As / s /H(x)dz:,
xree

We can therefore take
Yp = x/H(:v)d:c,

so that the general solution of the given DE is

dz
y= A+ o [ S5 4 (@) = yn (@) + ).






PART (VII): SOME APPLICATIONS OF
SECOND ORDER DE’S

13. (*) Vibration System

We now give an application of the theory of second order DE’s to the
description of the motion of a simple mass-spring mechanical system with
a damping device. We assume that the damping force is proportional to
the velocity of the mass. If there are no external forces we obtain the
differential equation

d*x dz
— +b—+krx=0
T
where x = z(t) is the displacement from equilibrium at time ¢ of the mass
of m > 0 units, b > 0 is the damping constant and k > 0 is the spring

constant. In operator form with D = % this DE is, after normalizing,

<D2 + %DJF 2) (z) = 0.

The characteristic polynomial r? + (b/m)r + k/m has discriminant
A = (b? — 4km) /m?.

If b> < 4km we have A < 0 and the characteristic polynomial factorizes
in the form (r 4+ b/2m)? + w? with

w=V4dkm — b%/2m = % — (b/2m)2.

In this case the characteristic polynomial has complex roots —b/2m =+ iw
and the general solution of the DE is

y = e 2™ (A cos(wt) + Bsin(wt) = Ce /™ sin(wt + 0)
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where C = VA% + B? and 0 < 6 < 27 defined by cos(f) = A/C, sin(f) =
B/C. The angle 0 is called the phase. In this case we see that the mass
oscillates with frequency w/27 and decreasing amplitude. If b = 0
there is no damping and the mass oscillates with frequency w/27 and
constant amplitude; such motion is called simple harmonic.

If b2 > 4km we have A > 0 and so the characteristic polynomial has
real roots

r1 = —=b/2m + Vb2 — 4km/2m, ro=—b/2m — b?* — 4km/2m

which are both negative. If ri = r9 = r the general solution of our DE
is
y = Ae™ + Bte™

and if ry # ro the general solution is
y = Ae"! + Be™!,

In both cases y — 0 as t — oo. In the second case we have what is
called over damping and in the first case the over damping is said to
be critical. In each the mass returns to its equilibrium position without
oscillations.

Suppose now that our mass-spring system is subject to an external

force so that our DE now becomes
d2z dx

— +b— + kx = F(t).

mdt2 + 7 + kx (t)

The function F'(t) is called the forcing function and measures the mag-
nitude and direction of the external force. We consider the important
special case where the forcing function is harmonic

F(f) = Fycos(yt), Fy >0 a constant.

We also assume that we have under-damping with damping constant
b > 0. In this case the DE has a particular solution of the form

yp = Aj cos(yt) + Az sin(vt).
Substituting the the DE and simplifying, we get
((k—m~?) A1 +byAy) cos(vt)+(—by A1 +(k—m~?) Ag) sin(yt) = Fy cos(t).
Setting the corresponding coefficients on both sides equal, we get

(k —m~y?) AL+ byAy = Fy,

—byA1 + (k —my?)Ay = 0. (3.32)
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Solving for Ay, As we get

Fo(k —m~?) B Foby
(k — my2)% + b242’ 2= (k — my2)? + b2

Ay =

and

Yp = W;W((k — my?) cos(yt) + by sin(qt))

_ Fy . (3.33)
= T sin(yt + ¢).
The general solution of our DE is then
E
y = Ce 2 sin(wt + 0) + 0 sin(yt + ¢).

= P T
Because of damping the first term tends to zero and is called the tran-
sient part of the solution. The second term, the steady-state part of
the solution, is due to the presence of the forcing function Fycos(yt). It
is harmonic with the same frequency 7 /27 but is out of phase with it by
an angle ¢ — 7/2. The ratio of the magnitudes

1
=D+

is called the gain factor. The graph of the function M (v) is called the
resonance curve. It has a maximum of

M(y) =

1
k b2
oV — a2
when v = v = 4/~ — %. The frequency =, /27 is called the reso-

nance frequency of the system. When v = ~, the system is said to be
in resonance with the external force. Note that M(~,) gets arbitrarily
large as b — 0. We thus see that the system is subject to large oscilla-
tions if the damping constant is very small and the forcing function has
a frequency near the resonance frequency of the system.

The above applies to a simple LRC electrical circuit where the differ-
ential equation for the current [ is
d’1  _dI
L— +R—+1/C=F(t
dt? dt / ®)
where L is the inductance, R is the resistance and C' is the capacitance.
The resonance phenomenon is the reason why we can send and receive
and amplify radio transmissions sent simultaneously but with different
frequencies.






Chapter 4

SERIES SOLUTION OF LINEAR
DIFFERENTIAL EQUATIONS
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PART (I): SERIES SOLUTIONS NEAR A
ORDINARY POINT

A function f(z) of one variable z is said to be analytic at a point
x = x¢ if it has a convergent power series expansion

f(z) = Z an(z—x0)" = ag+a1(z—z0)+as(z—x0)*+- - Aan(x—1z0)"+- - -
0

for |x — z9| < R, R > 0. This point z = x¢ is also called ordinary
point. Otherwise, f(x) is said to have a singularity at * = x. The
largest such R (possibly +00) is called the radius of convergence of
the power series. The series converges for every x with | —x¢| < R and
diverges for every = with |x — xzg| > R. There is a formula for R = %,
where

= v or im [@nt1]

lim |a, |/’
n—oo

)
N—00 ’an’
if the latter limit exists. The same is true if x, zg, a; are complex. For
example,

1
1+ 22

:1—x2+x47$6++(f1)nx2n+

for |x| < 1. The radius of convergence of the series is 1. It is also equal
to the distance from 0 to the nearest singularity = i of 1/(2? 4+ 1) in
the complex plane.

Power series can be integrated and differentiated within the interval
(disk) of convergence. More precisely, for |z — zg| < R we have

oo oo
f(z) = Z napz™ ! = Z(n + Dapi12™,
n=1 n=0
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oo

(o)
a Cp—1
E at”— nx"H:E L
/ " n+1 n

n=1

and the resulting power series have R as radius of convergence. If f(z),
g(x) are analytic at x = xy then so is f(z)g(z) and af+bg for any scalars
a,b with radii of convergence at least that of the smaller of the radii of
convergence the series for f(z),g(x). If f(z) is analytic at = zp and
f(zo) # 0 then 1/ f(xo) is analytic at x = xo with radius of convergence
equal to the distance from z( to the nearest zero of f(z) in the complex
plane.

The following theorem shows that linear DE’s with analytic coeffi-
cients at xo have analytic solutions at xy with radius of convergence as
big as the smallest of the radii of convergence of the coefficient functions.

1. Series Solutions near a Ordinary Point
1.1 Theorem

If p1(x),p2(x),...,pn(x),q(x) are analytic at x = ¢, the solutions of
the DE

y™ +pi(@)y" Y -t pa(a)y = g(2)

are analytic with radius of convergence > the smallest of the radii of
convergence of the coefficient functions py (), p2(z),. .., pn(x), q(z).

The proof of this result follows from the proof of fundamental exis-
tence and uniqueness theorem for linear DE’s using elementary prop-
erties of analytic functions and the fact that uniform limits of analytic
functions are analytic.

Example 1. The coefficients of the DE y” + y = 0 are analytic every-
where, in particular at x = 0. Any solution y = y(x) has therefore a
series representation

o
y= Z anx"”
n=0

with infinite radius of convergence. We have

0o 0o
y/ = Z(TL + 1)an+1wn7 y// = Z(n + 1)(” + 2)an+2$”.
n=0 n=0

Therefore, we have

o0

v +y =Y (n+1)(n+2)ans2 + an)z" =0

n=0
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for all z. It follows that (n + 1)(n + 2)an+2 + an = 0 for n > 0. Thus

Gnp,
= f >0
T T Dnr2)
from which we obtain
ag al ag ag
ay = ——— aqay = —— as = — =
2 1-27% " 2.3 ™7 T34 1.2.3.4
as ay

BT T 2345
By induction one obtains
oy = (_1)n ao ay

@n)l” T (=1 (2n +1)!

and hence that

o0 x?n o0 x?n—i—l .
Y= ag Z(—l)”@n)' + a3 Z(—l)”m = ag cos(x) + aq sin(z).
n=0 ' n=0 ’

Example 2. The simplest non-constant DE is y” + zy = 0 which is
known as Airy’s equation. Its coefficients are analytic everywhere and
so the solutions have a series representation

[e.e]
Y= Z anx"
n=0

with infinite radius of convergence. We have

oo oo
Y +ay =Y (n+1)(n+2ansex” + > ana™,

n=0 n=0
o0 o0

=Y (n+1)(n+2ani2z" + Y an 12", (4.1)
n=0 n=1

(0.)
= 2as + Z((n + 1)(n+ 2)ant2 + an—1)z" =0

n=1

from which we get ag = 0, (n + 1)(n + 2)ap4+2 + ap—1 = 0 for n > 1.
Since as = 0 and

Gn—1

e f > 1
Ap+2 Tt )12’ or n >
we have
az = _261/703a a4 = _30/714, as _07
as a
ag = — = ,
=756 2.3.5-6
aq al
ar
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By induction we get asn4+2 = 0 for n > 0 and

ag

= (—1)"
an = () S S S 6 B 1) a0

ay

n3.4-6-7~-(3n).(3n+1)'

asn+1 = (—1)

Hence y = agy1 + a1ys with

33‘3 .Z'G $3n
=1— e (=1
u 2372356 * )2-3~5-6--~(3n—1)~3n+ ’

4 7 " p3n+l
xr — + _...(_1) 4.
3-43-4-6-7 3-4-6-7---(3n) - (3n+1)

For positive  the solutions of the DE 3” + zy = 0 behave like the
solutions to a mass-spring system with variable spring constant. The
solutions oscillate for z > 0 with increasing frequency as |z| — oo. For
z < 0 the solutions are monotone. For example, y;, y2 are increasing
functions of z for x < 0.

Y2 =



PART (II): SERIES SOLUTION NEAR A
REGULAR SINGULAR POINT

In this lecture we investigate series solutions for the general linear DE
ao(@)y™ + ar(2)y" Y + -+ an(2)y = b(x),

where the functions ay, as,. .., a,, b are analytic at © = xg. If ag(zg) # 0
the point z = x¢ is called an ordinary point of the DE. In this case,
the solutions are analytic at © = xg since the normalized DE

g™ 4 (@)Y 4 pa(2)y = q(2),

where p;(z) = a;(x)/ap(x), q(x) = b(x)/ap(x), has coefficient functions
which are analytic at x = xg. If ag(z9) = 0, the point = = z is said to
be a singular point for the DE. If k£ is the multiplicity of the zero of
ap(z) at x = x¢ and the multiplicities of the other coefficient functions
at © = g is as big then, on cancelling the common factor (z — z¢)*
for  # xg, the DE obtained holds even for z = zg by continuity, has
analytic coefficient functions at x = zg and x = x¢ is an ordinary point.
In this case the singularity is said to be removable. For example, the
DE zy” + sin(z)y’ + xzy = 0 has a removable singularity at x = 0.

2. Series Solutions near a Regular Singular Point

In general, the solution of a linear DE in a neighborhood of a singu-
larity is extremely difficult. However, there is an important special case
where this can be done. For simplicity, we treat the case of the general
second order homogeneous DE

ao(z)y" + a1(x)y + az(x)y =0, (x> x0),

with a singular point at x = x¢. Without loss of generality we can, after
possibly a change of variable x — zg = ¢, assume that zog = 0. We say
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that x = 0 is a regular singular point if the normalized DE

Y +p@)y +q(x)y=0, (z>0),

is such that zp(z) and x?q(z) are analytic at © = 0. A necessary and
sufficient condition for this is that

lim zp(z) = po,  lim 2%q(z) = qo
exist and are finite. In this case
ep(x) = po+prat+- -+ paa”+-, 2lqe) = gt @zt g+
and the given DE has the same solutions as the DE

2y + w(zp(a))y’ +a?q(x)y = 0.

This DE is an Euler DE if xp(z) = po, 22¢(x) = qo. This suggests that
we should look for solutions of the form

o (0.)
=" Z apx” | = Z anx™tr,
n=0 n=0

with ag # 0. Substituting this in the DE gives

i(n+ r)(n+1r—1)a,z"" + <Z Pnx ) (i n—l—r)anazn"'r)
n=0 n=0

(Sor) (Sowm) =0

which, on expansion and simplification, becomes
aoF'(r)a" + Z{ (n+7r)an +[(n+7r—1)p1 +qilap—1 +---

+(rpn + gn)ao f2" " = 0, (4.2)
where F(r) = r(r — 1) + por + qo. Equating coefficients to zero, we get
r(r—1) +por + qo = 0, (4.3)

the indicial equation, and
F(n+r)a, = —=[(n+r—1p1+qlan—1— = (rpn + gn)ao (4.4)

for n > 1. The indicial equation (4.3) has two roots: r1,r2. Three cases
should be discussed separately.
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2.1 Case (I): The roots (r, — rs # N)

Two roots do’nt differ by an integer. In this case, the above recursive
equation (4.4) determines a, uniquely for r = r; and r = ro. If a,(r;)
is the solution for r = r; and ag = 1, we obtain the linearly independent
solutions

y1 =" (i an(rl)xn> ;Y =1 (i an(T2)$n> :

It can be shown that the radius of convergence of the infinite series is the
distance to the singularity of the DE nearest to the singularity x = 0. If
r1 —r9 = N > 0, the above recursion equations can be solved for r = r;
as above to give a solution

Y1 = " (i an(rl)l‘n> .
n=0

A second linearly independent solution can then be found by reduction
of order.

However, the series calculations can be quite involved and a simpler
method exists which is based on solving the recursion equation for a, ()
as a ratio of polynomials of r. This can always be done since F'(n + r)
is not the zero polynomial for any n > 0. If a,(r) is the solution with
ap(r) =1 and we let

o

y=vy(z,r)=2a" <Z an(r):c”> . (4.5)

n=0
Thus, we have the following equality with two variables (z,r):

2y’ + 2°p(x)y + 2?q(z)y = agF (r)z” = (r —ri)(r —ro)a”. (4.6)

2.2  Case (II): The roots (r; = r2)
In this case, from the equality (4.6) we get
2y + 2?p(x)y + Pq(@)y = (r —r1)’a".

Differentiating this equation with respect to r, we get
oy\” o\’ 0
z? (;) + 2%p(x) (8?1{) + qu(w)a—i{ =2(r — 7)) + (r —r1)%2" In(z).

Setting r = r1, we find that

oy = 3
, n r / n
= W) = 7 (nzoanm)m ) e+ 3 )
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oo
=y In(z) + 2™ Z al (r)x",
n=0

where al,(r) is the derivative of a,(r) with respect to r. This is a second
linearly independent solution. Since this solution is unbounded as x — 0,
any solution of the given DE which is bounded as  — 0 must be a scalar
multiple of y;.

2.3 Case (III): The roots (ry —r = N > 0)
For this case, we let z(z,7) = (r — r2)y(z, 7). Thus, from the equality
(4.6) we get
222" + :L‘Qp(:n)z' + :BQq(x)z =(r—ry)(r— 7"2)2:1:’".

Differentiating this equation with respect to r, we get
" !/
z? (gi) + 2%p(x) (gi) + xzq(x)% = (r —r)(r —r2)%2" In(x)
+(r — o) [(r —ry) +2(r — rl)}xr.

Setting r = ro, we see that yo = %(m,m) is a solution of the given
DE. Letting b, (r) = (r — r2)an(r), we have

F(n+1)ba(r) = =[(n+7 = 1)p1 + a1 |bus(r) = -
—(rpn + qn)bo(r) (4.7)

and

Yo = rli_)né (mr In(x) Z bu(r)z"™ + " Z b;l(r)x”> . (4.8)
n=0 n=0
Note that ay,(re) # 0, for n =1,2,... N — 1. Hence, we have
bo(?”Q) = bl(T2> = 52(7“2) == bN_l(’l“Q) = 0.
However, ay(rz) = oo, as F(rg + N) = F(r1) = 0. Hence, we have

by(r2) = lim (r — r2)an(r) = a < oo,
r—17ro

subsequently,
lim 2" In(z)by (r)z"™ = az™ In(z).
rT—7T2
Furthermore,
F(N + 1+ TQ)bN+1(T2) = F(l + Tl)bN+1(T2)
= —(rip1 + @)bn(r2) — -+ — (rapn+1 + an+1)bo(r2)
= —(rp1 + q1)bn(r2) (4.9)
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Thus,

(rip1 + q1)
F(l —+ 7"1)

(rip1 + q1)

F+m) =aai(ry). (4.10)

bn+1(r2) = bn(r2) =a

Similarly, we have

F(N 42+ 79)byia(ra) = F(2+11)bnya(ra)
= —[(A +r)p1 + q1]bnt1(r2) — (rp2 + ¢2)bn (r2)
— - — (rapny2 + qn42)bo(r2)

= —a[(1+r)p1 + qi]ai(r) — a(rip2 + ¢2), (4.11)
then we obtain
(14 r)p1 + qi]ai(r1) + (rip2 + ¢2)
b __ - (412
N+2(T2) = —a F2+m) aaz(ry1).(4.12)
In general, we can write
bnik(r2) = aak(ry). (4.13)

Substituting the above results to (4.8), we finally derive

Y2 = az"! <Z an(?“lﬂ“") In(z) + 2" (Z b/n(m)xn>
n=0

n=0

= ay; In(z) + z" (i b;(rg):n”) . (4.14)
n=0

This gives a second linearly independent solution.
The above method is due to Frobenius and is called the Frobenius
method.

Example 1. The DE 2xy” + 3/ + 22y = 0 has a regular singular point
at x = 0 since zp(x) = 1/2 and x?q(z) = 2. The indicial equation is

1 1
r(r—1)+§r:7“(r— 5)

The roots are 71 = 1/2, ro = 0 which do not differ by an integer. We
have

(r—{—l)(r—i—%)all =0,

(n+r)(n+r—3)ap = —ay—2 forn>2, (4.15)
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so that a, = —2ap—2/(r +n)(2r +2n — 1) for n > 2. Hence 0 = a; =
az = - agpy1 for n > 0 and

2
T+ 3"
_ 2 _ 22
e PR Y (Y e AR Y PR YRS YR S Rl

It follows by induction that

n on
ag, = (—1) (r+2)(r+4)---(r+2n)
1
¥ 3@ £ d) @+ 2 =D (4.16)

Setting, r = 1/2, 0, ag = 1, we get

oo x2n o0 xQn
ylzﬁz ) 3/222 .
(59 (4n+1)nl = (3T (4n—1)nl

The infinite series have an infinite radius of convergence since x = 0 is
the only singular point of the DE.

Example 2. The DE zy” + 3/ + y = 0 has a regular singular point at
x = 0 with zp(x) = 1, 22¢(z) = z. The indicial equation is

r(r—1)+r=r>=0.
This equation has only one root x = 0. The recursion equation is
(n+r)2an = —apn_1, n>1.

The solution with ag =1 is

1
(r+12%r+2)2--(r+n)?

an(r) = (~1)"

setting » = 0 gives the solution

Y1 = nz:%(_l)n (2")2 :

Taking the derivative of a,,(r) with respect to r we get, using

@y (r) = an(r) 21 [an(r)]
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(logarithmic differentiation),we get

a;(r):—( 2 + 2 +-+ 2 )an(r)

r+1 r+2 r+n

so that .
nitat -t

S|=

ap(0) = 2(=1)

(n!)?
Therefore a second linearly independent solution is
00 1 1 1
= + = + [N + =
_ _1\nl 2 n ,.n
y2 = y1 In(x) + 2;( 1) ()2 ",

The above series converge for all . Any bounded solution of the given
DE must be a scalar multiple of y;.






PART (III): BESSEL FUNCTIONS

3. Bessel Equation
In this lecture we study an important class of functions which are
defined by the differential equation

2%y +ay + (¢ =)y =0,

where v > 0 is a fixed parameter. This DE is known Bessel’s equa-
tion of order v. This equation has x = 0 as its only singular point.
Moreover, this singular point is a regular singular point since

zp(x) =1, 2?q(z) =2? — 2

Bessel’s equation can also be written

2

1
/! —a 1_7 :0
vy (- g)

which for x large is approximately the DE ¢y” + y = 0 so that we can
expect the solutions to oscillate for x large. The indicial equation is
r(r —1) +r —v? = r — v? whose roots are 1 = v and 7, = —v. The
recursion equations are

[(1+7r)2—1Ya; =0, [(n+7)?—1*a, = —an_2, forn>2.
The general solution of these equations is agy 1 = 0 for n > 0 and
(=1)"ag
r+2—-v)(ir+4—-v)---(r+2n—v)
1
X .
(r+2+v)(ir+4+v)---(r+2n+v)

agn(T‘) =

95
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4. The Case of Non-integer v

If v is not an integer and v # 1/2, we have the case (I). Two linearly
independent solutions of Bessel’s equation J,,(x), J_,(x) can be obtained
by taking r = +v, ap = 1/2"T'(v 4+ 1). Since, in this case,

_ (=1)"ao
S22l + 1) (r+2) - (r4+n)’

a2n

we have for r = +v

n=0

Recall that the Gamma function I'(z) is defined for x > —1 by
o0
MNz+1)= / e 't dt.
0

For x > 0 we have I'(x + 1) = «I'(x), so that I'(n + 1) = n! for n an
integer > 0. We have

I (1) :/ et 124t = 2/ e dt = /7.
2 0 0

The Gamma function can be extended uniquely for all x except for x =
0,—1,-2,...,—n,... to a function which satisfies the identity I'(z) =
['(z)/xz. This is true even if z is taken to be complex. The resulting
function is analytic except at zero and the negative integers where it has
a simple pole.

These functions are called Bessel functions of first kind of order

V.
As an exercise the reader can show that
2 2
J1i(x) =/ —sin(x J_1 =14/—cos(x).
1) =\ sin(a), Ty =)= cos(@)
5. The Case of v = —m with m an integer > 0
For this case, the first solution J,,(z) can be obtained as in the last
section. As examples, we give some such solutions as follows:

M=

m The Case of m = 0:

JO(eT> _ i (_1)77, x2n

o 22n(n!)?
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m The case m = 1:

1 T (_1)n 2n
Ji(x) = 53/1(;1:) =3 Z% Fnl(n 1 1)!x

To derive the second solution, one has to proceed differently. For v =0
the indicial equation has a repeated root, we have the case (II). One has
a second solution of the form

y2 = Jo(z) In(z) + Z db, (0)z*"
n=0

where
(="
(r+2)2(r+4)2---(r+2n)?

agp (1) =

It follows that

aén(r):_2( 1 N 1 L 1 )
aon r+2 r4+4 r+2n

so that

1 1
aén(O) = — <1 + 5 +---+ n) GQn(O) = —hnagn(O),

where we have defined

1 1
hp=(14+2+-+—).
2 n

Hence o
- (_1)71 hn 2n
y2 = Jo() In(x) + nz:% Wx

Instead of yo, the second solution is usually taken to be a certain linear
combination of yo and Jy. For example, the function

2

s

Yo(x) = = [ya(w) + (v = n2) Jo()]

where v = nango (hy, —Inn) ~ 0.5772, is known as the Weber function

of order 0. The constant  is known as Euler’s constant; it is not known
whether v is rational or not.

If v = —m, with m > 0, the the roots of the indicial equation differ by
an integer, we have the case (III). Then one has a solution of the form

o0
y2 = aJpy(x) In(x) + Z vy, (—m)x?ntm
n=0
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where boy, (1) = (r + m)az,(r) and a = bay,(—m). In the case m = 1 we
have ag = 1,

and for n > 1,

(=1)"ao

N ) RO C T [ i e R e

Subsequently, we have
bo(r) = ao
and for n > 1,

'(r)—<1+1++1+1
A r+3 r+5 r+2n—1 r+3

! ! )an(r).

+T+5+."+T+2TL—|—1

From here, we obtain

bo(—=1) =aop

_ 4.17
(—1) = P+ b dbon(=1) =), G0
where
(="
n(—1) = .
bon(=1) 22n(n — 1)!n!a0
So that

—1 1
Y2 = 7?41(37) In(z) + =

- (_1)n+1(hn +hn—1) 2n
L+ Z 22nt1(n —1)In! v

1
- (_1)n+1(hn + hn—l) 2n
L+ Z 22n+l(p — 1)In! v

= —Ji(z)In(z) + é

where, by convention, hyg = 0, (—1)! = 1. The Weber function of
order 1 is defined to be

4

Yi(@) = | = g2(0) + (7 ~ n2) 71 (@)].

The case m > 1 is slightly more complicated and will not be treated
here.
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The second solutions y2(x) of Bessel’s equation of order m > 0 are
unbounded as x — 0. It follows that any solution of Bessel’s equation of
order m > 0 which is bounded as x — 0 is a scalar multiple of J,,,. The
solutions which are unbounded as x — 0 are called Bessel functions
of the second kind. The Weber functions are Bessel functions of the
second kind.






Chapter 5

LAPLACE TRANSFORMS
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PART (I): LAPLACE TRANSFORM AND
ITS INVERSE

1. Introduction

We begin our study of the Laplace Transform with a motivating ex-
ample. This example illustrates the type of problem that the Laplace
transform was designed to solve.

A mass-spring system consisting of a single steel ball is suspended
from the ceiling by a spring. For simplicity, we assume that the mass
and spring constant are 1. Below the ball we introduce an electromagnet
controlled by a switch. Assume that, we on, the electromagnet exerts
a unit force on the ball. After the ball is in equilibrium for 10 seconds
the electromagnet is turned on for 27 seconds and then turned off. Let
y = y(t) be the downward displacement of the ball from the equilibrium
position at time ¢. To describe the motion of the ball using techniques
previously developed we have to divide the problem into three parts: (I)
0 <t<10; (II) 10 <t < 10 + 2m; (III) 10 + 27 < ¢. The initial value
problem determining the motion in part I is

y'+y=0, y(0)=y'(0)=0.

The solution is y(t) = 0, 0 < ¢t < 10. Taking limits as ¢ — 10 from the
left, we find y(10) = ¢/(10) = 0. The initial value problem determining
the motion in part II is

y'+y=1, y(10)=1y'(10) = 0.

The solution is y(t) = 1 — cos(t — 10), 10 <t < 27 + 10. Taking limits
as t — 10 4+ 27 from the left, we get y(10 4+ 27) = 3/(10 4+ 27w) = 0. The
initial value problem for the last part is

v +y=0, y(10+27) =19 (10+27) =0

103
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which has the solution y(¢) = 0, 10 + 27 < ¢. Putting all this together,
we have

1 —cos(t —10), 10 <t <10+ 2m,
0, 10427 <t.

0, 0<t<10,
y(t) =

The function y(¢) is continuous with continuous derivative

sin(t — 10), 10 <t < 10+ 27,
0, 10427 <t

0, 0<t<10,
y'(t) =

However the function 4/ (t) is not differentiable at ¢ = 10 and ¢ = 10+ 2.
In fact
y'(t) =< cos(t—10), 10 <t < 10+ 2,

0, 0<t<10,
0, 10+27 <t

The left hand and right hand limits of f”(¢) at ¢t = 10 are 0 and 1
respectively. At ¢t = 10427 they are 1 and 0. If we extend y”(t) by using
the left-hand or righthand limits at 10 and 10+ 27 the resulting function
is not continuous. Such a function with only jump discontinuities is said
to be piecewise continuous. If we try to write the differential equation
of the system we have

1, 10<t¢<10+2m,

0, 0<t<10,
0, 10427 <t

Here f(t) is piecewise continuous and any solution would also have y”
piecewise continuous. By a solution we mean any function y = y(t)
satisfying the DE for those ¢ not equal to the points of discontinuity of
f(t). In this case we have shown that a solution exists with y(t), v/(¢)
continuous. In the same way, one can show that in general such solutions
exist using the fundamental theorem.

What we want to describe now is a mechanism for doing such problems
without having to divide the problem into parts. This mechanism is the
Laplace transform.

2. Laplace Transform
2.1 Definition

Let f(t) be a function defined for ¢ > 0. The function f(¢) is said to
be piecewise continuous if
(1) f(t) converges to a finite limit f(04) as ¢ — 04
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(2) for any ¢ > 0, the left and right hand limits f(c_), f(c4) of f(¢) at
¢ exist and are finite.
(3) f(e=) = f(eq) = f(c) for every ¢ > 0 except possibly a finite set of
points or an infinite sequence of points converging to +o0c. Thus the only
points of discontinuity of f(¢) are jump discontinuities. The function is
said to be normalized if f(c) = f(c;) for every ¢ > 0.

The Laplace transform F'(s) = L{f(t)} is the function of a new vari-
able s defined by

o) N
F(s) = /0 e = lim [ et

An important class of functions for which the integral converges are

the functions of exponential order. The function f(¢) is said to be of
exponential order if there are constants a, M such that

[f()] < Me

for all t. the solutions of constant coefficient homogeneous DE’s are all
of exponential order. The convergence of the improper integral follows
from

N N 1 —(s—a)
/ et F(0)]dt < M / ety — _¢
0 0

sS—a s—a

which shows that the improper integral converges absolutely when s > a.
It shows that F'(s) — 0 as s — oco. The calculation also shows that

1

s—a

ﬁ{eat} —
for s > a. Setting a =0, we get £{1} = 1 for s > 0.

2.2 Basic Properties and Formulas

The above holds when f(¢) is complex valued and s = o + T is
complex. The integral exists in this case for o > a. For example, this
yields

. 1 .
L{e" = — L{e"} =

s—1

1
541

2.2.1 Linearity of the transform

L{af(t) +0f ()} = aL{f(t)} +bL{g(t)}.
Using this linearity property of the Laplace transform and using sin(t) =
(et — e7)/2i, cos(t) = (e + e~)/2, we find

£{sin(bt)}:21i<s_lbi ! >: b

s+ bi 52 4 b2’
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E{cos(bt)}:;( LR ): :

s—bi s+ bi 52+ b2’
for s > 0.

2.2.2  Formula (I)

The following two identities follow from the definition of the Laplace
transform after a change of variable.

L{e"f()}(s) = LU ()5 —a),
LUBNYs) = SLUDI(5/0).
Using the first of these formulas, we get

b
(s —a)? + b2’

s—a

L{e™sin(bt)} = Goarr

L{e™ cos(t)} =

2.2.3  Formula (II)

The next formula will allow us to find the Laplace transform for all
the functions that are annihilated by a constant coefficient differential
operator.

dn
LU f(O}s) = (1) 2 LU ()} s).
For n = 1 this follows from the definition of the Laplace transform
on differentiating with respect s and taking the derivative inside the
integral. The general case follows by induction. For example, using this
formula, we obtain using f(t) =1

) a1l
HINE) =~y = v

With f(¢) = sin(t) and f(t) = cos(t) we get

' d b 2bs
E{t Sln(bt)}(S) = _%32 n b2 = (82 4 62)27
2 12 2
Litcos(bt)}(s) = — L5 s =0 1 2

ds s2 + b2 (s2+ 622 $2 4 b2 o (s +b2)2

2.2.4  Formula (III)

The next formula shows how to compute the Laplace transform of
f/(t) in terms of the Laplace transform of f(t).

L{FB)}(s) = sL{F()}(s) = £(0).
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This follows from

LION) = [0 =@ s [T e o

0

_ S/OOO e~ F(1)dt — F(0) (5.1)

since e~ f(t) converges to 0 as t — +oo in the domain of definition of
the Laplace transform of f(t). To ensure that the first integral is defined,
we have to assume f/(t) is piecewise continuous. Repeated applications
of this formula give

L{FM (0} (s) = s"LLF(D)}(s) = 8" F(0) = 8" 2(0) — -+ — f77H(0).

The following theorem is important for the application of the Laplace
transform to differential equations.

3. Inverse Laplace Transform
3.1 Theorem:

If f(t), g(t) are normalized piecewise continuous functions of expo-

nential order then
L{f(t)} = L{g(t)}
implies

=g
3.2 Definition

If F(s) is the Laplace of the normalized piecewise continuous func-
tion f(t) of exponential order then f(¢) is called the inverse Laplace
transform of F(s). This is denoted by

F(s) = L7Hf(1)}.

Note that the inverse Laplace transform is also linear. Using the Laplace
transforms we found for ¢sin(bt), ¢ cos(bt) we find

1 S - 1 .
L {(32 n b2)2} = %t sin(bt),
and

1 1 1
N P G _
L { S 62)2} 573 sin(bt) 2b2tcos(bt).






PART (II): SOLVE DE’S WITH LAPLACE
TRANSFORMS

4. Solve IVP of DE’s with Laplace Transform
Method

In this lecture we will, by using examples, show how to use Laplace
transforms in solving differential equations with constant coefficients.

4.1 Example 1

Consider the initial value problem
y'+y +y=-sin(t), y0)=1, ¢y (0)=—L

Step 1
Let Y (s) = L{y(t)}, we have

L{Y ()} = sY(s) = y(0) = sY(s) — L,
L{y" ()} = s°Y(s) — sy(0) — y/(0) = s*Y (s) — s + L.

Taking Laplace transforms of the DE, we get

(2 +5+1)Y(s) —s =

s2+1
Step 2
Solving for Y (s), we get

s 1
82+3+1+(32+s+1)(s2+1)'

Y(s) =

109
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Step 3

Finding the inverse laplace transform.

y(t) = LY ()} = L7 {52+Ss+1} L7 { (s2+s +11)(s2 1) } '

Since

s B s B s+1/2
s2+s+1  (s+1/2)243/4  (s+1/2)2+ (V3/2)2
1 V3/2
V3 (s +1/2)2 + (v/3/2)?
we have
_ s - L i
L 1{82—1—3—1—1} = ¢ Y2 cos(V3 t/2)—ﬁe 42 5in(v/3 t/2).

Using partial fractions we have

1 As+ B Cs+D

(24 s+1)(s2+1) TP rst1l 241

Multiplying both sides by (s? + 1)(s% + s + 1) and collecting terms, we
find

1=(A+C)s+(B+C+D)s>+(A+C+D)s+ B+ D.
Equating coefficients, we get A+C =0, B+C+D =0, A+C+D =0,

B+D=1,
from which we get A=B=1,C = -1, D =0, so that

ooy =< e 2 el
£ {(52+s+1)(82+1) =L s2+s+1 L s24+s+1

£ {32 + 1}'
Since

_ 1 2 i - S
L 1{324—3—}—1} :%6 t/QSln(\/gt/2)7 L 1{82—|—1}ZCOS(t>

we obtain

y(t) = 2e72 cos(V/3 t/2) — cos(t).
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4.2 Example 2

As we have known, a higher order DE can be reduced to a system of
DE’s. Let us consider the system

dx

— =2z + Y,

gt (5.2)
&y =x—2y

dt

with the initial conditions z(0) = 1, y(0) = 2.

Step 1

Taking Laplace transforms the system becomes

sX(s) —2X(s) +Y(s),

1
SV (s)— 2 = X(s) — 2V (s), (5-3)

where X (s) = L{x(t)}, Y(s) = L{y(t)}.

Step 2

Solving for X(s), Y(s). The above linear system of equations can be
written in the form:

(s+2)X(s)—Y(s) =1,

—X(s)+ (s +2)Y(s) =2. (5.4)

The determinant of the coefficient matrix is s2 +4s +3 = (s +1)(s + 3).
Using Cramer’s rule we get

s+4 2545
X(s)= 2 y(s)= 22
= oimrs YT o3
Step 3
Finding the inverse Laplace transform. Since
s+4 3/2 1/2 2545  3/2  1/2
(s+1)(s+3) s+1 s+3 (s+1)(s+3) s+1 s+3
we obtain
3 1y I SRR
x(t) = 5¢ 5¢ y(t) = 5¢ + 5¢

The Laplace transform reduces the solution of differential equations
to a partial fractions calculation. If F(s) = P(s)/Q(s) is a ratio of
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polynomials with the degree of P(s) less than the degree of Q(s) then
F(s) can be written as a sum of terms each of which corresponds to an
irreducible factor of Q(s). Each factor Q(s) of the form s—a contributes

the terms
A Aq A,

s—a+(s—a)2+“' (s —a)r
where r is the multiplicity of the factor s —a. Each irreducible quadratic
factor s? 4 as + b contributes the terms
Ais+ B Ass + By A,s + B,
s2+as+b  (s2+as+0b)? (s2+as+b)r

where 7 is the degree of multiplicity of the factor s> + as + b.



PART (III): FURTHER STUDIES OF
LAPLACE TRANSFORM

5. Step Function
5.1 Definition

0 t<eg,
“C(t):{l t>c.

5.2 Laplace transform of unit step function

e—CS

L{uc(t)} =

P
One can derive

L{uc(t)f(t —c)} = e “F(s).

6. Impulse Function
6.1 Definition
Let

It follows that

Now, consider the limit,

5(t) = lim dy (t) = { 0 1#0,

T—0 oo t=0,

113
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which is called the Dirac §-function. Evidently, the Dirac d-function has
the following properties:

1 o
S(t)dt = 1.
: B (A, B)
[0 c€(AB),
A(S(t—c)dt—{l v
3

B {0 c €(A,B),
f, se-anoa={5, LG
6.2 Laplace transform of unit step function

e >0,
5{5@’3)}:{0 ¢ < 0.

One can derive
LT =) f(O)} =e“f(c), (c>0).

7. Convolution Integral
7.1 Theorem
Given
LLf()} = F(s), L{g()} = G(s),
one can derive
LTHF(s)-G(s)} = f(t) * g(t),
where

F(t) # g(t) = /0 "t - r)g(r)ar

is called the convolution integral.



Chapter 6

(*) SYSTEMS OF LINEAR DIFFERENTIAL
EQUATIONS
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(*) PART (I): INTRODUCTION OF
SYSTEMS OF LINEAR DIFFERENTIAL
EQUATIONS

In this and the following lecture we will give an introduction to sys-
tems of differential equations. For simplicity, we will limit ourselves to
systems of two equations with two unknowns. The techniques intro-
duced can be used to solve systems with more equations and unknowns.
As a motivational example, consider the the following problem.

1. Mathematical Formulation of a Practical
Problem

Two large tanks, each holding 24 liters of brine, are interconnected
by two pipes. Fresh water flows into tank A a the rate of 6 L/min, and
fluid is drained out tank B at the same rate. Also, 8 L/min of fluid are
pumped from tank A to tank B and 2 L/min from tank B to tank A. The
solutions in each tank are well stirred sot that they are homogeneous.
If, initially, tank A contains 5 in solution and Tank B contains 2 kg, find
the mass of salt in the tanks at any time t.

To solve this problem, let z(¢) and y(¢) be the mass of salt in tanks
A and B respectively. The variables x, y satisfy the system

de 1
s 3T+ 1Y
3y | (6.1)
The first equation gives y = 12% + 4z. Substituting this in the second
equation and simplifying, we get
A’z 2dx 1

e oo
a2 3@ T 12"
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The general solution of this DE is
Tr = cle_t/2 + cze_t/fi.

This gives y = 12% + 4z = —2c1e7Y? 4 2ce7 /5. Thus the general
solution of the system is

—t/2 t/6

xr = cie + coe™

6.2
Yy = —261€_t/2 + 2026_t/6. (6.2)

These equations can be written in matrix form as

_ 1 _ 1
X = (5) = cie t/g(_2> + coe t/6(2).

Using the initial condition x(0) = 5, y(0) = 2, we find ¢; = 2, co = 3.
Geometrically, these equations are the parametric equations of a curve
(trajectory of the DE) in the xy-plane (phase plane of the DE). Ast — oo
we have (z(t),y(t)) — (0,0). The constant solution z(t) = y(¢t) = 0 is
called an equilibrium solution of our system. This solution is said
to be asymptotically stable if the general solution converges to it as
t — o0o. A system is called stable if the trajectories are all bounded as
t — oo.
Our system can be written in matrix form as % = AX where

= ()

The 2 x 2 matrix A is called the matrix of the system. The polynomial

72 — tr(A)r 4 det(A) = r* + 27" + 1
3 12
where tr(A) is the trace of A (sum of diagonal entries) and det(A) is the
determinant of A is called the characteristic polynomial of A. Notice
that this polynomial is the characteristic polynomial of the differential
equation for . The equations

1 -1/1 1 -1/1
1(5) =7 (%) 4(2)-7 ()
. . 1 1 . ) .
identify (_2> and < 2) as eigenvectors of A with eigenvalues —1/2

and —1/6 respectively. More generally, a non-zero column vector X is
an eigenvector of a square matrix A with eigenvalue r if AX = rX
or , equivalently, (rI — A)X = 0. The latter is a homogeneous system
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of linear equations with coefficient matrix rI — A. Such a system has a
non-zero solution if and only if det(r/ — A) = 0. Notice that

det(rl — A) =% — (a + d)r + ad — be
is the characteristic polynomial of A.
If, in the above mixing problem, brine at a concentration of 1/2 kg/L
was pumped into tank A instead of pure water the system would be
dx
— =Fr+ 5y +3,
gt (6.3)
YW o_ 1,1
a non-homogeneous system. Here an equilibrium solution would be
x(t) = a,y(t) = b where (a,b) was a solution of

(6.4)

In this case a = b = 12. The variables z* = ¢ — 12,y* = y — 12 then
satisfy the homogeneous system

da* -1 1
= Qf* + 73/*7
g 2 (6.5)
Y 1

1
at 3" T 3Y

Solving this system as above for z*, y* we get x = z* + 12,y = y* + 12
as the general solution for z,y.

2. (2 x 2) System of Linear Equations

We now describe the solution of the system % = AX for an arbitrary
2 x 2 matrix A. In practice, one can use the elimination method or
the eigenvector method but we shall use the eigenvector method as it
gives an explicit description of the solution. There are three main cases
depending on whether the discriminant

A =tr(A)? — 4det(A)
of the characteristic polynomial of A is > 0, < 0, = 0.

2.1 Case 1: A >0

In this case the roots r1, 79 of the characteristic polynomial are real
and unequal, say r; < r2. Let P; be an eigenvector with eigenvalue r;.
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Then P; is not a scalar multiple of P, and so the matrix P with columns
Py, P, is invertible. After possibly replacing P, by — P, we can assume
that det(P) > 0. The equation

ap=p(m?0
0 T9

shows that

plap— ("0
0 9 )

If we make the change of variable X = PU with U = (5), our system

becomes

d d
P _apr o Y _ piapu,
dt dt
Hence, our system reduces to the uncoupled system
du_ o
at — M @ —

which has the general solution u = c1e™!, v = cpe”!. Thus the general
solution of the given system is

X = PU = uP; +vPy = c1€™ Py + cpe™t P,

Since tr(A) = ry + 2, det(A) = 172, we see that xz(t),y(t) = (0,0) is an
asymptotically stable equilibrium solution if and only if tr(A) < 0 and
det(A) > 0. The system is unstable if det(A) < 0 or det(4) > 0 and
tr(A) > 0.

2.2 Case 2: A <O

In this case the roots of the characteristic polynomial are complex
numbers

r=aztiw=tr(A)/2+i\/A/4

The corresponding eigenvectors of A are (complex) scalar multiples of

(osir)

where 0 = (o —a)/b, 7 = w/b. If X is a real solution we must have
X =V +V with

V= %(cl +icg)e® (cos(wt) + isin(wt)) ((17 n z'7'> .
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It follows that
at . 1 ot . 0
X = e*(c1 cos(wt) — o sin(wt)) ( o > +e*(cq sin(wt) + ¢z cos(wt)) (T> .

The trajectories are spirals if tr(A) # 0 and ellipses if tr(4) = 0. The
system is asymptotically stable if tr(A) < 0 and unstable if tr(A) > 0.

2.3 Case 3: A=0

Here the characteristic polynomial has only one root r. If A = rI the

system is
dx dy

3T g =Y
which has the general solution x = ci1e™, y = coe™. Thus the system is
asymptotically stable if tr(A) < 0, stable if tr(4) = 0 and unstable if
tr(A) > 0.

Now suppose A # rI. If P; is an eigenvector with eigenvalue r and
P, is chosen with (A — rI)P; # 0, the matrix P with columns Py, P, is

invertible and
plap— ("1
Or )"

Setting as before X = PU we get the system

U n dv

—=rut+v, — =710

dt Todt
which has the general solution v = c1e™ + cate’™, v = coe”. Hence the
given system has the general solution

X =uP; +vPy = (c1e” + cate™) Py + coe” Py.

The trajectories are asymptotically stable if tr(A) < 0 and unstable if
tr(A) > 0.

A non-homogeneous system % = AX + B having an equilibrium

solution z(t) = x1,y(t) = y1 can be solved by introducing new variables
¥ =x—z1,y* =y —y1. Since AX*+ B =0 we have

ax*
dt

— AX*,

a homogeneous system which can be solved as above.
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In this lecture we will apply the eigenvector method to the solution of
a second order system of the type arising in the solution of a mass-spring
system with two masses. The system we will consider consists of two
masses with mass mi, my connected by a spring with spring constant
ko. The first mass is attached to the ceiling of a room by a spring with
spring constant k; and the second mass is attached to the floor by a
spring with spring constant ks at a point immediately below the point of
attachment to the ceiling. Assume that the system is under tension and
in equilibrium. If z1(t), z1(t) are the displacements of the two masses
from their equilibrium position at time ¢, the positive direction being
upward, then the motion of the system is determined by the system

d’x
7711%7521 = —kixy — ko(x1 — 22) = — (k1 + k2)x1 + koxa, 66
d“x .
m2W22 = kz(:m — x9) — kzzo = koxy — (k2 + k3)m2.

The system can be written in matrix form ‘57)2( = AX where

v () A= ()

The characteristic polynomial of A is

2 n mg(kl + kg) + ml(kﬁg + kg)r n
mimes

mims mims

(ks ko) (ko +hs) K3 1 |
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The discriminant of this polynomial is

A = 212{ [mg(lﬁ + kg) + ml(k‘Q + kg)}z

mymsy
—4(k1 + k2) (k2 + k3)mimsa + 4k§m1m2} (6.7)
_ (mg(kl + :ICQ) —m1 (kﬁg + ]{73))2 + 4m1m2k:22 >0
a mims '

Hence the eigenvalues of A are real, distinct and negative since the trace
of A is negative while the determinant is positive. Let r1 > ro be the
eigenvalues of A and let

A (). me(L)

be (normalized) eigenvectors with eigenvalues ri, ro respectively. We

have
myry + k1 + ko myry + k1 + ko

51 = — y S22 =
k‘g ]f2

and, if P is the matrix with columns P;, P», we have

pliap— ("m0
0 9 )

If we make a change of variables X = PY with ¥ = (yl ), we have

Y2
PY (0
dt2  \0 ry

so that our system in the new variables y1, yo is

d2
d%t%l =Ty (68)
d7y22 = T2Y2.

Setting r; = —w? with w; > 0, this uncoupled system has the general

solution
y1 = Ay sin(wit) + By cos(wit), y2 = Agsin(wat) + Ba cos(wat).
Since X = PY = y1 P| 4+ yo P>, we obtain the general solution
X = (Apsin(wit) + By cos(wit))P1 + (A2 sin(wat) + B cos(wat)) Ps.
The two solutions with Y (0) = P; are of the form

X = (Asin(w;t) + Bcos(w;t))P; = vV A% + B2sin(w;t + 6;) P;.
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These motions are simple harmonic with frequencies w; /27 and are called
the fundamental motions of the system. Since any motion of the
system is the sum (superposition) of two such motions any periodic
motion of the system must have a period which is an integer multiple of
both the fundamental periods 27 /w1, 27/ws. This happens if and only
if wy/wy is a rational number. If X’(0) = 0, the fundamental motions
are of the form
X = B;cos(w;t)P;

and if X (0) = 0 they are of the form
X = Az sin(wit)Pi.

These four motions are a basis for the solution space of the given system.
The motion is completely determined once X (0) and X’(0) are known
since

X(0)=PY(0)=P (g;) . X'(0)=PY'(0)=P (i;ﬁ;) .

As a particular example, consider the case where m; = mg = m and
k1 = ko = k3 = k. The system is symmetric and

k —21
A:m<1 —2)’

a symmetric matrix. The characteristic polynomial is

2
r? + 1, + Sk—2 =(r+ ﬁ)(r + 3£).
m m m m

The eigenvalues are r1 = —k/m, ro = —3k/m. The fundamental fre-
quencies are w; = \/k/m, wa = v/3k/m. The normalized eigen-vectors

are
1 1
r=(i)o m= (L)

The fundamental motions with X’(0) = 0 are

X:Acos(\/k/imt)<}>, X:Acos(\/%t)<1_1>.

Since the ratio of the fundamental frequencies is /3, an irrational num-
ber, theses are the only two periodic motions of the mass-spring system
where the masses are displaced and then let go.

Odds and Ends
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If y = f(x) is a solution of the autonomous DE y" = f(y,%/,...,y" " !)
then so is y = f(z + a) for any real number a. If the DE is linear
and homogeneous with fundamental set y1, o, .. ., ¥y, then we must have

identities of the form
y1(x +a) = coyz2 + c3y3 + - + CpYn.

For example, consider the DE y” + y = 0. Here sin(z),cos(x) is a
fundamental set so we must have an identity of the form

sin(z + a) = Asin(x) + B cos(z).

Differentiating, we get cos(z + a) = Acos(z) — Bsin(x). Setting x = 0
in these two equations we find A = cos(a), B = sin(a). We obtain in
this way the addition formulas for the sine and cosine functions:

sin(z + a) = sin(z) cos(a) + sin(a) cos(z),

cos(x + a) = cos(z) cos(a) — sin(z) sin(a).

The numerical methods for solving DE’s can be extended to systems
virtually without change. In this way we can get approximate solutions
for higher order DE’s. For more details consult the text (Chapter 5).
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ASSIGNMENTS AND SOLUTIONS
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Assignment 2B: due Thursday, September 21, 2000

1 Find the solution of the initial value problem

yy' = 2(y® - 1Y, y(0)=b> 0.

What is its interval of definition? (Your answer will depend on the value of b.)

Sketch the graph of the solution when b = 1/2 and when b = 2

2 Find the general solution of the differential equation

dy
dx =yte

2z 3
Y.

3 Solve the initial value problem

4 Solve the initial value problem
(ex—l)@—&—yex—i—lzo y(1)=1
dz ’ ’

Solutions for Assignment 2B

1 Separating variables and integrating we get

/ 2
yyder  x
[ =5+

from which, on making the change of variables u = y?, we get
1 B 2
5/(u—1) 34y = %—FCL

Integrating and simplifying, we get

(u—1)""3=C—-42?/3 with C=-20C,/3.

Hence (y*> — 1)7Y/3 = C — 22/3. Then y(0) = b gives C' = (b* —

b > 0 we must have
1

S RRRCErD

1)~ Since
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If b < 1 then y is defined for all x while, if b > 1, the solution y is defined only

for |z < v3C.

2 This is a Bernoulli equation. To solve it, divide both sides by 3® and make the
change of variables u = 1/y2. This gives

o = —2u — 2e*°
after multiplication by —2. We now have a linear equation whose general solution
is
u=—e*"/24 Ce .
This gives a 1-paramenter family of solutions
_ +1 _ +e®
\/06*21—62“”/2 \/C—e4z/2

of the original DE. Given (zo,yo) with yo # 0 there is a unique value of C' such
that the solution satisfies y(zo) = yo. It is not the general solution as it omits the
solution y = 0. Thus the general solution is comprised of the functions

Y

y=0, yo -t
’ C—et)2

3 This is a homogeneous equation. Setting u = y/z, we get
o +u=1/u+u.

This gives zu’ = 1/u, a separable equation from which we get uu’ = 1/z. Inte-
grating, we get
u?/2 =1Inl|z| + C,

and hence y* = 2% In(x?) + Cz? with C = 2C;. For y(1) = —4 we must have

C =16 and
y = —z+/In(z?) + 16, =z > 0.

4 This is a linear equation which is also exact. The general solution is F(z,y) = C

where OF OF
— =y -1 —=e-1
ox

Integrating the first equation partially with respect to = we get

F(z,y) =ye* +z+ ¢(y)

from which %—5 =" + ¢'(y) = e¥ — 1 which gives ¢(y) = —y (up to a constant)
and hence

F(z,y) =ye" +z—y=C.
For y(1) = 1 we must have C' = e and so the solution is
e—x
et —1’

Y= (z > 0).
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Assignment 3B: due Thursday, September 28, 2000

1 One morning it began to snow very hard and continued to snow steadily through
the day. A snowplow set out at 8:00 A.M. to clear a road, clearing 2 miles by 11:00
A.M. and an additional mile by 1:00 P.M. At what time did it start snowing. (You
may assume that it was snowing at a constant rate and that the rate at which
the snowplow could clear the road was inversely proportional to the depth of the
snow.)

2 Find, in implicit form, the general solution of the differential equation
y® 4+ dye” + (26" + 3y°)y’ = 0.

Given zo, Yo, is it always possible to find a solution such that y(zo) = yo? If so,
is this solution unique? Justify your answers.
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Solution for Assignment 3B

1 Let z be the distance travelled by the snow plow in ¢ hours with t = 0 at 8 AM.

Then if it started snowing at t = —b we have
dr _ a
dt  t+b’

The solution of this DE is ¢ = aln(¢ + b) 4+ ¢. Since z(0) =0, z(3) = 2, z(5) = 3,
we have alnb+c =0, aln(3 +b) =2, aln(5 + b) + ¢ = 3 from which

3+b 54+b

29
"3T0

aln 2, al
Hence (3 + b)/b = (54 b)?/(3 + b)? from which b* — 2b — 27 = 0. The positive
root of this equation is b = 1 4+ 2/7 ~ 6.29 hours. Hence it started snowing at
1:42:36 AM.

2 The DE y® + 4ye” 4 (2¢° + 3y?)y’ = 0 has an integrating factor u = ¢®. The
solution in implicit form is 2e**y + y3e® = C. There is a unique solution with
y(zo) = yo for any zo,yo by the fundamental existence and uniqueness theorem
since the coefficient of 3’ in the DE is never zero and hence

_y3 _ 4ye.13

flay) = -5 T3,

and its partial derivative f, are continuously differentiable on R?.

Alternately, since the partial derivative of y%e® + 2ye?® with respect to y is never
zero, the implicit function theorem guarantees the existence of a unique function
y = y(z), with y(zo) = yo and defined in some neighborhood of x¢, which satisfies
the given DE.
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Assignment 4B: due Tuesday, October 24, 2000

1 (a) Show that the differential equation M + Ny’ = 0 has an integrating factor
which is a function of z = xz + y only if and only if

oM _ N
oy ox
M — N

is a function of z only.

(b) Use this to solve the differential equation
2?4 2zy —y° + (v + 22y — 2)y’ = 0.
2 Solve the differential equations

(a) zy" =y +=z, (z>0);
(b) y(y—1)y" +y*=0.

3 Solve the differential equations
(a) ¥ =3y +2y=e";
(b) ¥ — 2y 4 5y — 8y’ + 4y = sin(x).

4 Show that the functions sin(z), sin(2z), sin(3x) are linearly independent. Find a
homogeneous linear ODE having these functions as part of a basis for its solution
space. Show that it is not possible to find such an ODE with these functions as
a basis for its solution space.
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Solutions to Assignment 4B

1 (a) Suppose that M + Ny’ = 0 has an integrating factor u which is a function of
O(ulM) _ 9(uN)
y

z=ux+vy. Then =5— o

5 gives

oM  ON ou N ou

oy ~ o) = Naw " Vay
By the chain rule we have

ou du % du ou du % du

dx  dzdx dz’ 9y dzdy dz’

so that ort oN
B % —1du
M- N u dz’

which is a function of z. Conversely, suppose that

oM _ ON
oy ox _
B0 ),

with z = = + y. Now define u = u(z) to be a solution of the linear DE
@ — _ f(z)u. Then

dz

aM _ 9N
ik Y
M- N u dz’

which is equivalent to 8(;‘3/[) = a(gi\f)’ i.e., that u is an integrating factor of

M + Ny which is a function of z = z + y only.
(b) For the DE z? + 2xy — y* + (v* + 2zy — 2%)y’ = 0 we have

OM AN
By oz 2 2

M—-N ~— z+4y s
If we define
w— ef—de/z — 2z _ 1/z2 _ 1/(a:—|—y)2
then u is an integrating factor so that there is a function F(z,y) with

2 2 2 2
OF £ REg OF e
Oz (z+y)? Oy (z+y)?

Integrating the first DE partially with respect to =, we get

B 22 B 22
Foa) = [0- 2te=o+ 2 o),

Differentiating this with respect to y and using the second DE, we get

y? + 2zy — 22 _OF 2% + dzy

ry? oy G@rwp W
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so that ¢'(y) = —1 and hence ¢(y) = —y (up to a constant). Thus

2° 22 4 o
F(x,y) =z + —y = .
(@,y) T+y Y T+y

Thus the general solution of the DE is F(z,y) = C or « +y = 0 which is
the only solution that was missed by the integrating factor method. The first
solution is the family of circles z? + y?> — Cz — Cy = 0 passing through the
origin and center on the line y = x. Through any point # (0,0) there passes
a unique solution.

The dependent variable y is missing from the DE zy” = ¢’ + z. Set w =%/
so that w’ = 3”. The DE becomes zw’ = w + = which is a linear DE with
general solution w = zIn(x) + C1z. Thus y' = zIn(z) + C1 which gives

2 2 2 2 2

T T T xT T

2
with A, B arbitrary constants.

The independent variable x is missing DE y(y—1) +y'*> = 0. Note that y = C
is a solution. We assume that y # C. Let w = y'. Then

p_dw _dwdy | dw
T dr dydxr  dy

so that the given DE becomes y(y — 1)% = —w after dividing by w which is
not zero. Separating variables and integrating, we get

which gives In |w| = In|y| — In|y — 1| + C;. Taking exponentials, we get
Ay
y—1

Since w = ' we have a separable equation for y. Separating variables and
integrating, we get y — In |y| = Az + B;. Taking exponentials, we get ¥ /y =
Be?® with A arbitrary and B # 0 as an implicit definition of the non-constant
solutions.

The associated homogeneous DE is (D® — 3Dy + 2)(y) = 0. Since
D?-3D+2=(D-1)>*D-2)

this DE has the general solution y, = (A + Bx)e® + Ce?®. Since the RHS of
the original DE is killed by D — 1, a particular solution y, of it satisfies the
DE
(D-1)>(D—-2)=0
and so must be of the form (A+ Bz + Ex?)e” 4+ Ce*®. Since we can delete the
terms which are solutions of the homogeneous DE, we can take y, = Ex?e®.
Substituting this in the original DE, we find £ = 1/6 so that the general
solution is
Yy=yn+yp=(A+ Bx)E” + e + x261/6.
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(b)

The associated homogeneous DE is (D* —2D? 4+ 5D? — 8D +4)(y) = 0. Since
D* —2D® 4 5D% —~8D +4= (D —1)*(D +4)

this DE has general solution y, = (A + Bz)e® + Esin(2z) + Fcos(2z). A
particular solution y, is a solution of the DE

(D* +1)(D —1)*(D* +4)(y) =0

so that there is a particular solution of the form Ci cos(z) + Cs sin(z). Sub-
stituting in the original equation, we find C; = 1/6, C2 = 0. Hence

1
y=1yn+yp=(A+ Bzx)e” + Esin(2z) + F cos(2z) + 8 cos(z)

is the general solution.

sin(z) sin(2z) sin(3z)
W (sin(z), sin(2z),sin(3z)) = | cos(z) 2cos(2z) 3cos(3z)
—sin(z) —4sin(2z) —9sin(3z)

so that W(w/2) = —16 # 0. Hence sin(x), sin(2x), sin(3x) are linearly inde-
pendent.

The DE (D? +1)(D? + 4)(D? + 9)(y) = 0 has basis
sin(z), sin(2z) sin(3x) cos(z), cos(2z) cos(3z)

and the given functions are part of it.

Since the Wronskian of the given functions is zero at x = 0 it cannot be a
fundamental set for a necessarily third order linear DE.
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Assignment 5B: due Thursday, Oct. 24, 2002

1 Find the general solution of the differential equation
Y 4y +4y=e FIn(z), (x> 0).

2 Given that y1 = cos(z)/+/x, y2 = sin(z)/+/x are linearly independent solutions of
the differential equation

2’y +ay + (2 —1/4)y =0, (z>0),
find the general solution of the equation

2y oy + @ —1/4)y =22, (z>0).

3 Find the general solution of the equation

22y +3zy +y=1/zIn(z), (z>0).

4 Find the general solution of the equation
(1—a®)y =22y +2y=0, (-l<z<1)
given that y = x is a solution.
5 Find the general solution of the equation

zy’ +xy +y=x (z>0).
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Assignment 5 Solutions

1 The differential equation in operator form is (D+2)%(y) = e~ In(z). Multiplying
both sides by €2” and using the fact that D + 2 = ¢~ ?*De?”, we get D?(e*"y) =
In(z). Hence

ey = %xQ Inx — %xQ + Az + B

from which we get y = Axze®® + Be?® + %az2e2m Inx — % 2e72%  Variation of
parameters could also have been used but the solution would have been longer.

2 The given functions yl = cosz/\/z, y2 = sinz//x are linearly independent and
hence a fundamental set of solutions for the DE
1

1 1 !
= 1— —)y=
vty + ( 4x2)y 0

We only have to find a particular y solution of the normalized DE

. )y = V.

1 1 /
- 1—
vt z? +( 4a2
Using variation of parameters there is a solution of the form y = uy: + vy2 with

u'yr +v'y2 =0,
u'yl +v'yh = /z. (A.1)

By Crammer’s Rule we have

sinx
0 N
\/5 —sinx42xsinx
/ 2x\/x .
u = f = —ISsInx
cosx sinx
NG T
—cosx—2xsinxz —sinz+2xsinz
2z+/x 2z\/T
cosx
Ve 0
—cosx—2xsinx T
/ 2x/x
v = Ve - = T COST
cosx sinx
vz vz
—cosx—2xsinxz —sinxz4+2xsinx
2x\/T 2x\/T

so that u = xcosx — sinx, v = xsinx + cos x and

y = (zcosz — Sinl‘)cosm + (xsinx—!—cosx)smm = \x.

v Vi

Hence the general solution of the DE z2y” + zy + (2% — 1/4)y = 2%/ is

cosx sinx
y:Aﬁ—FB\/E—F\/E.

3 This is an Euler equation. So we make the change of variable 2 = e’. The given
DE becomes
(D(D—1)+3D+1)(y) =e */t



138 FUNDAMENTALS OF ORDINARY DIFFERENTIAL EQUATIONS

where D = <. Since D(D — 1)+ 3D + 1 = D* +2D + 1 = (D + 1), the given
DE is
(D+1)*(y) =e"'/t.
Multiplying both sides by e* and using e*(D + 1) = De’, we get
D?(e'y) =1/t
from which e’y =tIlnt + At + B and

1 B 1
y=Ate”" + Be ' +te 'Int = A% —+ . + % In(In(x)),

the general solution of the given DE.

4 Using reduction of order, we look for a solution of the form y = zv. Then
/ / 1" 1" !
Yy =xzv +v,y =zv’ + 20 and

(1 —2%) (0" +2v") — 2a(av’ +v) + 220 =0

which simplifies to

P
r—x
which is a linear DE for v’. Hence
422
v = ef 21'3471 @
Since
2-42® -2 -1 1
B—z oz z+1 1-2’
we have 1 L1 11
’ 2
=1 1-— 1)=—=+= - = .
vl ma)mt ) = -0+ ST T
Hence v = f% + % In }‘_"—ﬁ and the general solution of the given DE is

1+

x
y—Ax+B(fl+§ln1_I

5 This DE is exact and can be written in the form

Loy + (@ 1y) =2
so that 29/ + (z — 1)y = ?/2 4+ C. This is a linear DE. Normalizing, we get
vy +1—-1/z)y=x/2+C/x.

An integrating factor for this equation is e®/x.

d e* _ T 2
%(;y)*e [2+Ce”/a”,

1y:ex/2+c/%dx+p,
X X

y=z/2+ Cze™ ™ / %dm + Dze™ ™.
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Assignment 7B: due Thursday, November 21, 2000

For each of the following differential equations show that z = 0 is a regular singular
point. Also, find the indicial equation and the general solution using the Frobenius
method.

1 92%y" + 92y’ + (92 — 1)y = 0.
2 2"+ (1 —2)y +y=0.
3 z(z+1)y" + (z+5)y" — 4y =0.
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Solutions for Assignment 7(b)

1 The differential equation in normal form is

" / 7 1, (1 1 )
= — _—_ — = O
Yy +p@)y +a(@)y=y oy (o —g.2)Y

so that x = 0 is a singular point. This point is a regular singular point since

1
zp(x) =1, zq(z) = ) +x

are analytic at = 0. The indicial equation is r(r — 1) +r — 1/9 = 0 so that
r>—1/9 =0, i.e., r = £1/3. Using the method of Frobenius, we look for a solution

of the form
y= Z anx”™ .
n=0

Substituting this into the differential equation z2y” 4 z*p(x)y’ + z2q(x)y = 0, we

get

(r* =1/9aca” + 3 _((n+7)* = 1/9)an + an1)2" " =0.
n=1
In addition to » = +1/3, we get the recursion equation

Ap—1 gan—l

m+r2—1/9  (Bn+3r—1)(B3n+3r+1)

an = —

for n > 1. If r = 1/3, we have a, = —3an—1/n(3n +2) and

. — (=1)"3"ag
" pl5-8---(3n+2)
Taking ao = 1, we get the solution
_,.1/3 - ao n
= Z:On!5~8~~~(3n+2)x ‘
Similarly for r = —1/3, we get the solution
. —1/3 G (_I)TLSTLGO n
Ya = ;n!1-4~~~(3n—2)x'
The general solution is y = Ay; + Byo.
2 The differential equation in normal form is
" ! _ 1" 1 / 1 _
y' o)y +al@y =y +(C -1y +—=0

so that £ = 0 is a singular point. This point is a regular singular point since

zp(z) =1—2z, 2°qz) =2
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are analytic at z = 0. The indicial equation is 7(r — 1) +r = 0 so that r> = 0,
i.e., r = 0. Using the method of Frobenius, we look for a solution of the form

oo
Y= § anxn+r.
n=0

Substituting this into the differential equation zy” 4 2*p(x)y’ + xq(x)y = 0, we

get

r?apx” + Z((n + T)Q(ln —(n+r-— 2)an,1)xn+r =0.
n=0

This yields the recursion equation

n+r—2
man_l, (nZl)

an =

Hence
(r—=Dr(r+1)---(r+n-2)

(r+1)2(r+2)2---(r+mn)?

Taking r = 0, ap = 1, we get the solution

an (T) = aop.

yn=1—m.

To get a second solution we compute aj, (0). Using logarithmic differentiation, we
get

1 1 1 2 2 2

an(r) = an(r)(r_il + - +

+n+r—2_r+l_r+2_ r+n

Hence a7 (0) = 3ao and aj, (1) = an(r)/7 + an(r)bn(r) for n > 2. Setting r = 0, we
get for n > 2
Lo (211220 (n—2)
an(0) = EOE ao
from which a, = —(n — 2)lao/(n!)? for n > 2. Taking ap = 1, we get as second
solution

(n—2)!
(n!)?

y2:y11n($)+3:vfz 2" =y In(x) + 4z — 1 + y1.

n=2

The general solution is then y = Ay + B(y1 In(z) + 4z — 1).
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Assignment 8B: due Thursday, November 23, 2000

1 (a) Compute the Laplace transforms of the functions
t*sin(t), t° cos(t).
(b) Find the inverse Laplace transforms of the functions

s 1
(2 +1)3"  (s2+1)3

2 Using Laplace transforms, solve the initial value problem

Y —y=sin(t), y(0)=y'(0)=1,5"(0)=y"(0)= -1

3 Using Laplace transforms, solve the system

T (A2)

with the initial conditions z(0) = 1,y(0) = —1.
4 Using Laplace transforms, solve the initial value problem
y'+3y +2y=f(t), y(0)=y'(0)=0,

where
f@)={1, 0<t<1, -1, 1<t<m,sin(t), =<t
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Solutions for Assignment 8(b)

L d 1 2
L{tsin(t)} = TRl R
d s -1 1 2
Lt cos(D)} = _%52 1 T+ D2 RS ; (s2 4 1)2
[,{t Sln(t)} = _£(82+1)2 = gSQ ¥ 1)2 - (32+1)3,
L{t* cos(t)} = — 8s + G
(s2+1)% ' (s2+1)2
(b)
L‘l{ﬁ} = —t%cos(t)/8 + tsin(t)/8,
L—l{ﬁ} — 3sin(t)/8 — 3tcos(t) /8 — 2 sin(t) /8.

2 IfY(s) = L{y(t)}, we have (s* = 1)Y(s) —s®* —s* +s+1= sz Hence

B 1 (s +1)(s* = 1)
N RN
= (D@D T e
3 1 s

1
T8s-1 8s+1 132—1—1_5(52—1—1)24_52—&—1.
y(t) = e'/8 — e /8 + sin(t) /2 + cos(t) + t cos(t) /4.
3 If X(s)=L{x(t)}, Y(s) = L{y(t)} we have
sX(s)—1=-2X(s)+3Y(s), sY(s)+1=X(s)—Y(s).

Hence we have

_ (s—2)
X(S)(szﬁgs—)n’
Yis) = (s24+3s—1)

and

_ [ 7v/13 1 —7V/13 1 1
X(s) = ( 5 12) Teiviz T ( 26 T E) s—(V13-3)/2’

1 V13 1 1
12) s+(3+13)/2 + (W + 5) s—(v/13-3)/2"

o(t) = (m/ﬁ i 12) e~ (3HVIRL/2 | <72\éﬁ n %) e(VIB=3)t/2.

2
y(t) =— (27\563 + 12) 67(3+\/ﬁ>t/2 + <2£63 + %> 6(\/ﬁ73)t/2

}<
N
©
N
Il
[
/ \ [V
M‘H
@ w
+

4 We have y"” + 3y’ + 2y = 1 — 2uy(t) + (sin(t) + Dux(t). If Y(s) = L{y(t)}

. 1 e ,”< -1 1)
3 2)Y ==-—2 —
(% +3s+2Y(s) = 5 —2"—+e ™ (g + 1)

143
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since sin(t + 7) = —sin(¢). Hence

1 -0 -2

YO = 670672 sGs+ 1) (s+2)

)s—|—2
N 1
( 8+1(s+2) s(s+1)(s+2))'
Since
B S S B
s(s+1)(s4+2) 25 s+1 2(s+2)’
1 _ v 1 13
(s2+1)(s+1D)(s+2)  2(s+1) 5B(s+2) 10(s2+1)’

Y(s)*i— ! + ! +<;1+ 2 1)675
T2 s4+1 0 2(s+2) s s+1 s+2

n 1 3 n 7 B 1 _ 3s o7
2s  2(s+1) 10(s+2) 10(s2+1) 10(s2+1) '

and
1 —o2t

y(t) = 3~ e+ 62 + (— 142" = 6272t)u1(t)

1 3e™ ' 7e?™2  sin(t)  3cos(t)
+<2 R T RIS T T R R

Hence



